H&3C Lecture notes

Paul Hacking
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This document contains lecture notes for 583C, a graduate course on
compact complex surfaces at the University of Washington in Spring quarter
2008.

The aim of the course is to give an overview of the classification of smooth
projective surfaces over k = C. (We also occasionally discuss non-algebraic
surfaces.) The emphasis is on understanding the key examples (including
rational and ruled surfaces, K3 surfaces, elliptic surfaces, and surfaces of
general type).
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1.1 Homology and cohomology

We recall the construction of the homology groups of a topological space
(see [Hatcher, Sec. 2.1, p. 102] for more details). Let X be a topological
space. Suppose given a triangulation of X, that is, a simplicial complex X
and a homeomorphism |X| ~ X. The group of i-chains C;(X,Z) is the free
abelian group generated by oriented i-simplices of ¥, modulo the following
relations: for o an oriented simplex we identify —o and o with its orientation
reversed. The boundary map d: C;(X,Z) — C;—1(X,Z) is given by o +— 0o,
that is, a oriented simplex o maps to its boundary do (the sum of its faces
with the induced orientation). One checks that d> = 0. The i-th (integral)
homology group of X is

ker(d: Cy(X,Z) — Ci—1(X,Z))

Hi(X,Z) = Im(d: Ciy1(X,Z) — Ci(X,Z))

A chain with no boundary is called a cycle. So H;(X,Z) is the group of
cycles modulo boundaries in dimension i. The group of i-cochains C*(X,7Z)
is the dual Hom(C;(X,Z),Z) of C;(X,Z). The boundary map d: C; — C;_1
induces the coboundary map C*~! — C* which we also denote by d. The ith
(integral) cohomology group of X is

ker(d: C(X,Z) — CTY(X, 7))

H'(X,2) = Im(d: Ci-1(X,Z) — C{(X, 7))

(Note: there is a more geometric interpretation of the real cohomology
groups in terms of smooth differential forms on X (the de Rham approach)
which we discuss in Sec. 1.7.)

The homology and cohomology groups of X do not depend on the choice
of triangulation. In fact, one can define singular homology and cohomology
groups intrinsically (without choosing a triangulation) and show that they
are isomorphic to the simplicial homology and cohomology groups described
above. Here we define the singular homology and cohomology groups as
follows: let C;™8(X,Z) denote the free abelian group generated by all con-
tinuous maps o: A’ — X, where A is the standard i-simplex, and proceed
as above to obtain H; "®(X,Z) and HY,.(X,Z).

There is an intersection product (or cap product) on the homology of
an oriented smooth manifold defined as follows (see [GH, p. 49-53]). Let X
be an oriented smooth manifold of real dimension d. Let o € H(X,Z) and
B € Hy_(X,Z) be two homology classes. We can find piecewise smooth
cycles A and B representing o and # which intersect transversely. For
each point P € AN B, we define the intersection index ip(A, B) = +1 as



follows. Let vy,...,v; and wy,...,wq_g be oriented bases of the tangent
spaces TpA and TpB. Then ip(A,B) = 1 if vq,...,vp,w1,..., w4k 18 a
positively oriented basis of TpX and ip(A, B) = —1 otherwise. We define
the intersection number

A-B:= > ip(AB).

PeANB

One shows that A - B is independent of the choice of representatives A, B of
a, 3. (Convince yourself that this is true for 1-cycles on the real 2-torus.)
So, we obtain a bilinear form

ﬂ:Hk(X,Z)XHd,k(X,Z)HZ, ([A],[B])HAB,

the intersection or cap product. Note that a N g = (=1)F4=% g aq.

Remark 1.1. One can also define an intersection product
N: Hy(X,Z) x Hj(X,Z) — Hiyj—qa(X,Z),

but we will not need this.

1.2 Curves

We review the topological classification of complex curves. Let X be a
smooth complex projective curve (or, equivalently, a compact Riemann sur-
face). Then X is a compact oriented smooth manifold of (real) dimension 2
together with a complex structure. As a smooth manifold, X is diffeomor-
phic to a sphere with g handles, where g is the genus of X (the number of
holes). In particular, there is a unique topological invariant, the genus g.

Remark 1.2. The moduli space M, of curves of genus g is a space whose
points correspond to isomorphism types of complex projective curves of
genus g. For g > 2 it is an (irreducible) quasiprojective variety of dimen-
sion 3g — 3 with quotient singularities. The space M, can be understood
as the space of complex structures on the smooth surface of genus g (the
Teichmiiller approach).

We describe the integral homology of X. We have Hy(X,Z) = Z and
Hy(X,Z) = Z. (More generally, recall that if X is a connected topological
space then Hy(X,Z) = Z, generated by the class of a point, and if X is an
oriented smooth manifold of dimension d then Hy(X,Z) = Z, generated by
the so called fundamental class of X.) The first homology group H;(X,Z)
is isomorphic to Z29, generated by the l-cycles ay, by, ... , g, by, where aj;,



b; encircle the ith hole in two independent ways and meet transversely in
a single point, and are disjoint from a;,b; for j # 4. In particular the
intersection product

N: Hi(X,Z) x Hi(X,Z) — Z

is the skew bilinear form with matrix

0 1
-1 0
0 1
-1 0
with respect to the basis ai,b1,...,a4,b, (for an appropriate choice of ori-

entations of the a;, b;).

We describe the fundamental group of X (see [Fulton, p. 242]). Recall
that the smooth manifold X can be obtained from a 4g-gon as follows. Go-
ing anticlockwise around the boundary of the 4g-gon, we label the edges
ai, bl,afl, bfl, ..., 0y, bg,ag_l, b;l, and then glue the edges in pairs accord-
ing to the labels (here a~! corresponds to a with the orientation reversed).
All the vertices of the polygon are identified to a single point € X and the
edges of the polygon become loops a1,b1,...,a4,by based at x € X. Using

the van Kampen theorem, one deduces that

<a1, bl, <. 0g, bg>
™1 (X7 .%') - )
(la1,b1] - - [ag, bg))
where [a,b] = aba~'b~! denotes the commutator of @ and b. That is,

m1(X,x) is the free group generated by ai,b1,...,ay,by modulo the single
relation given by the product of the commutators of a;, b;.

If X is a connected topological space then the abelianisation 71 (X, z)*P
of the fundamental group 7(X, z) is identified with the first homology group
Hy(X,Z) ([Hatcher, p. 166, Thm. 2.A.1]). (The abelianisation G* of a
group G is the largest abelian quotient of G. Explicitly, it is the quotient
of G by the normal subgroup generated by all commutators.) This gives
another way to compute H;(X,Z).

1.3 Poincaré duality and the universal coefficient theorem

Theorem 1.3. (Poincaré duality 1) [GH, p. 53] Let X be a compact oriented
smooth manifold of dimension d. Then the intersection product

N: Hi(X,Z) x Hy_(X,7) — 7



1s unimodular, that is, the induced map
H;(X,Z)/ Tors - Hq_i(X,2)* aw— (an-)
s an isomorphism.
Recall that, if L, M are abelian groups and
b:Lx M —Z
is a bilinear pairing, we say b is unimodular if the induced map
L/ Tors — M* := Hom(M,Z), 1+ b(l,-)

is an isomorphism. Equivalently, if we pick bases for L/ Tors and M/ Tors,
the matrix of b with respect to these bases has determinant +1.

Theorem 1.4. (Universal coefficient theorem)[Hatcher, p. 195, Thm. 3.2]
Let X be a topological space. Then there are natural exact sequences

0 — BExt'(H;,_1(X,Z),7Z) — H(X,Z) — Hy(X,Z)* — 0.

In particular ‘
H'(X,7Z)/ Tors ~ H;(X,Z)*

and ‘
Tors H* ~ Tors H; 4

(this last isomorphism is not canonical).

Note: If you do not know what Ext! is, you can ignore the first statement
in the theorem.

Proof. (Sketch) Recall that the homology H;(X,Z) is the homology of the
complex of chains

e —> l_"_l_)CZHC_l_)...

for some triangulation of X, and the cohomology H*(X,Z) is the cohomology
of the dual complex

* * *
. . — i+1<_0i<_0i71<_”'

Observe that there is a natural map H'(X,Z) — H;(X,Z)*. Recall that
each C; is a free abelian group (generated by the simplices of dimension



i). One shows that the complex (C.,d) splits as a direct sum of shifts of
complexes of the following types:

0—-7Z—0

0—-7Z—72—0, 1l—n

Dualising these complexes, we deduce that H*(X,Z)/ Tors ~ H;(X,Z)* and
Tors H(X,Z) ~ Tors H;_1(X,Z). The exact sequence in the statement is
obtained by being careful about naturality. O

We can now give a slightly stronger form of Poincaré duality.

Theorem 1.5. (Poincaré duality II) [GH, p. 53] Notation as in 1.53. There
s a natural isomorphism

Hi(X,Z) ~ H"(X,Z)

which induces the isomorphism H;(X,7Z)/ Tors ~ Hq_;(X,Z)* given by the
intersection product. In particular, Tors H;(X,Z) ~ Tors H (X, 7).

Proof of 1.3, 1.5. (Sketch) Fix a triangulation X =~ |¥|. Consider the dual
complex ¥’ of . This is a cell complex (not necessarily a simplicial com-
plex) with support |X'| = |X|, and cells of dimension d — i in bijection with
simplices of ¥ of dimension ¢. It is constructed as follows: consider the
barycentric subdivision ¥ of |X]. For v € ¥ a vertex, the corresponding
d-cell v/ € X' is the union of all the simplices in 3 which contain v. For
o € ¥ an i-simplex, the corresponding (d —i)-cell o’ € ¥/ is the intersection
of the d-cells v corresponding to the vertices v of o. (Please draw a picture
for d = 2). We observe that, for an i-simplex ¢ € ¥, the corresponding
cell ¢/ € ¥/ is the unique (d — i)-cell of ¥’ meeting o, and intersects it
transversely in one point. Now let (C.(X,Z),d) be the chain complex for
the triangulation X ~ |¥| and (C.(¥/,Z),d) the chain complex for the cel-
lular subdivision X ~ |¥'|. (Note that we can use cellular subdivisions to
compute homology exactly as for triangulations.) One shows that the maps

Ci(2,Z2) = CH(X 7)) = Cy (X, 2), o (o))"

commute (up to sign) with the differentials d. Here C;(X',Z) is the free
abelian group with basis given by the j-cells 7 of ¥/ and for such a 7 we
write 7% for the corresponding element of the dual basis of C7(¥',7Z)
C;(X',Z)*. Passing to homology we obtain the isomorphism H;(X,Z)
H¥(X, 7).

0O R



1.4 Topological invariants of surfaces

Let X be a compact oriented smooth 4-manifold. Then Hy(X,Z) = Z,
Hy(X,7) =7, and Hy(X,Z) = m (X, x)*». The intersection form

Q :=N: Hy(X,Z)/ Tors x Hy(X,Z)/ Tors — 7Z

is symmetric and unimodular. We also have Tors Hy ~ Tors Hy, Tors Hy =
0, and H3(X,Z) ~ Hi(X,Z)* by Poincaré duality and the universal coeffi-
cient theorem.

So, to recap, the topological invariants are the fundamental group 1 (X, x)
and the intersection form @ on Hs(X,Z)/ Tors.

Remark 1.6. Assume X is a smooth projective complex surface. We can
usually reduce to the simply connected case (m(X,z) = 0) as follows. If
71(X, x) is finite, let p: X — X be the universal cover of X. Then X inherits
the structure of a smooth complex surface from X, and X is projective
because p is a finite morphism. So X is the quotient of the smooth projective
surface X by the free action of the finite group m (X, z). If H\(X,Z) =
m1(X, x)ab is infinite, then the Albanese morphism is a non-trivial morphism
from X to a complex torus, and we can use this to study X. See Sec. 11.2.

1.5 Results of Freedman and Donaldson

We state without proof two results about the classification of smooth 4
manifolds. See [BHPV, Ch. IX] for more details (note: unfortunately, this
material is only contained in the 2nd edition).

Theorem 1.7. (Freedman ’82) A simply connected compact oriented 4-
manifold is determined up to (oriented) homeomorphism by its intersection

form Q.

Theorem 1.8. (Donaldson '83) There exist infinitely many smooth complex
projective surfaces which are homeomorphic but not diffeomorphic.

1.6 Classification of quadratic forms

Let L be a free abelian group of finite rank. Let Q: L x L — Z be a
nondegenerate symmetric bilinear form.

We can pick a basis of the R-vector space V' = L ®z R such that the
matrix of @ with respect to this basis is diagonal with diagonal entries n
1’s and n_ (-1)’s. The pair (ny,n_) is the signature of Q.



We say @Q is positive definite if Q(z,z) > 0 for all x # 0, negative
definite if Q(x,z) < 0 for all x # 0, and indefinite otherwise. In terms of
the signature, ) is positive definite if n_ = 0, negative definite if n, = 0,
and indefinite otherwise.

We say @ is even if Q(z,x) is even for all x € L, and Q is odd otherwise.

Theorem 1.9. [Serre70, Ch. V] An indefinite unimodular quadratic form is
determined up to isomorphism by its signature and parity. (The same holds
for definite forms if the rank is < 8).

The quadratic forms as in the theorem can be described explicitly as
follows. If Q is odd, @ is of type

(W™ @ (=1)".

(That is, with respect to some basis of L, the quadratic form () has matrix
the diagonal matrix with diagonal entries n4 1’s and n_ (—1)’s.) If @ is
even, () is of type

H® & (+E3)

for some a > 0 and b > 0, where H is the hyperbolic plane with matrix

(Vo)

and Ejg is the positive definite quadratic form of rank 8 with matrix

2 0 -1 0 0 0 0 O
o 2 0 -1 0 0 0 O
-1 0 2 -1 0 0 0 O
o -1 -1 2 -1 0 0 O
o o0 o -1 2 -1 0 O
o o0 o o0 -1 2 -1 0
o o0 o o0 o -1 2 -1
o 0 o0 o o 0 -1 2

Remark 1.10. The classification of definite quadratic forms is much more
involved. However, if X is a smooth projective complex surface with definite
quadratic form @, then Ho(X,Z) has rank 1 and @ = (1).

Remark 1.11. A free abelian group L together with a symmetric bilinear
form QQ: L x L — 7Z is sometimes called a lattice.



Example 1.12. Let 7: X — P? be the blowup of n distinct points Py,..., P,
in the complex projective plane P?. Let H C P? be a hyperplane not contain-
ing any of the P; and Ej,..., E, the exceptional curves. Then Ha(X,Z) is
free with basis 7~ 'H, E1, ..., E,, and the intersection product @) has matrix
(1) ® (—1)™ with respect to this basis,

Ezample 1.13. Let X be a K3 surface (that is, a compact complex surface
X such that the canonical divisor Kx is trivial and H'(X,Z) = 0) Then
Hy(X,7Z) is free of rank 22 and the intersection form @ has type H3®(—Eg)?.

1.7 de Rham cohomology

Here we describe the de Rham approach to cohomology via differential forms.

We first note some elementary facts about homology and cohomology
groups. Let X be a topological space. Then we can define (simplicial)
homology and cohomology groups H;(X, A), H (X, A) with coefficients in an
abelian group A as before. If F is a field of characteristic 0 (for example Q, R,
C) then H;(X,F) = H;(X,Z)®zF. Recall that H(X,Z)/ Tors = H;(X,7Z)*.
If F is a field then H(X,F) = H;(X,F)*.

Now let X be a compact smooth manifold of (real) dimension d. Let
C*: (X, R) denote the R-vector space of smooth R-valued k-forms w on X.
That is, locally on X,

w= Y fiadzi Aeduy, =Y frdag

i1 < <ig |I|=k

where x1, ..., x4 are local coordinates on X and the f; are smooth R-valued
functions on X. Let

d: Cip(X,R) — Cii (X, R)
be the exterior derivative, that is (working locally),

do=d(>_ fider) = dfr Ada;

where

Then d? = 0, and we define the (real) de Rham cohomology groups Hiy (X, R)
by

ker(d: C'(X,R) — C*1(X,R))

Im(d: C*~1(X,R) — C/(X,R))’

HéR(Xa R) =

10



We say a smooth differential form w is closed if dw = 0, and we say w is
ezact if w = dn for some 1. So, Hiy(X,R) is the R-vector space of closed
i-forms modulo exact forms.

There is a natural R-bilinear pairing

Hin(X,R) x Hi(X,R) = R, (w,7)+ /w. (1)
i

Note that this is well defined by Stokes’ theorem: if w = dn then f,y dn =
fde = 0 because dy = 0, and if v = df3 then fdﬂw = fﬂ dw = 0 because
dw = 0.

Theorem 1.14. (de Rham’s theorem) [GH, p. 44] The map
Higr(X,R) — H;(X,R)* = H'(X,R)
induced by (1) is an isomorphism.

The wedge product or exterior product on de Rham cohomology is the
product

Hin(X,R) x Hip(X,R) — HIF(X,R), (w,n) —w A7
induced by wedge product of forms. Note that this is well defined because
dwANE) =dw A€+ (—1)98Yw A de

so, if w is closed and n = d€ is exact, then
w A dE = (=1)%89d(w A £)

is exact.
Now we discuss Poincaré duality from the de Rham point of view. Recall
that the intersection product defines a non-degenerate bilinear form

N: I’L()(7 R) X Hd,i(XﬂR) — R.
Consider the identification
H;(X,R) — Hqi(X,R)* = H"(X,R) = H{;'(X,R)

induced by N and the de Rham isomorphism. Here an i-cycle & maps to a
(d—1i) form w (determined up to an exact form) such that for any (d—i)-cycle

ﬁ € Hd—i(Xv R)?
ng= [ w
[0 Aw

11



We identify the form w explicitly. Assume for simplicity that the homol-
ogy class « is represented by a smooth submanifold A C X of dimension
i. There exists a “tubular neighbourhood” N of A in X isomorphic to a
neighbourhood of the zero section in a vector bundle over A (the normal
bundle of A in X). We construct a form w such that the support of w is
contained in N, w is closed, and f N, W = 1 for all a € A, where N, de-
notes the fibre of the bundle N — A over a. Explicitly, locally on X write
A= (xr1=-=z4-;=0) C X, where z1,...,x4 are local coordinates on
X, and let w = fdxy A --- Adxg_; where f = f(x1,...,24—;) iS a smooth
bump function on R4~ supported in a small neighbourhood of the origin,
with integral 1. Globally, we can use a partition of unity to patch the local
forms together. Now suppose that § € Hy_;(X,7Z), and represent 3 by a
piecewise smooth (d —i)-cycle B intersecting A transversely in a finite num-
ber of points. Then || pw = AN B — at each intersection point, we get the
integral of the bump function f (which equals 1 by construction), with a
sign given by the orientations.

We show that the pairing

A: Hig(X,R) x Hiz'(X,R) — R, (w,n)H/ WA
X

given by the wedge product is identified with the pairing
N: Hy_;(X,R) x H;(X,R) = R
given by the intersection product via the isomorphisms
Hi(X,R) = HII(X,R),  Hy i(X,R) = Hin(X,R)

described above. In particular, the wedge pairing is nondegenerate. Assume
for simplicity that o € H;(X,R), 5 € Hy_;(X,R) are represented by closed
submanifolds A, B C X of dimensions i,d — i. Let w,n be representatives
of the corresponding deRham cohomology classes which are supported in a
small tubular neighbourhood of A, B. We may assume that A, B intersect
transversely in a finite number of points. Let P be an intersection point of
A, B, then we can choose local coordinates 1, ..., x4 at P such that

A=(r1==24,=0)CX, B=(xgi11=-=24=0)CX.
As above we may assume that, working locally at P € X,

w= f(z1,...,24-3)dvi A\ -Ndzg—i, 1= g(Ta—iy1,...,Ta)dTa—_iy1N\ - -Adxg,

12



where f, g are bump functions at 0 € R4% and 0 € R? with integral 1. We
find that the contribution to [, w An from this chart is ip(A, B) = %1, the
intersection number of A, B at P (where the sign comes from the orientations
— see the description of the intersection product). Adding together the local
contributions we deduce [, w An = anf, as required. (See [GH, p. 58-59]
for an alternative argument.)

Remark 1.15. The cup product
U: HY(X,R) x H(X,R) — H(X,R)

on (simplicial) cohomology corresponds to the wedge product on de Rham
cohomology via the de Rham isomorphism [GH, p. 60]. (The cup product
can be defined as follows: Let (vg,...,v,) denote the simplex with vertices
Vo, - - .,y For¢ € CY(X,7Z), € C7(X,Z) simplicial cochains, define Ut €
C'I(X,Z) by

dUYP((vo - vitj)) = ¢({vo -+ vi) )W ({vi - vigj)).

This induces a well defined product on cohomology. See [Hatcher, p. 206,
Sec. 3.2] for more details.)

2 Hodge theory

Let X be a complex manifold of complex dimension n. Consider C-valued
k-forms w on X. That is, locally w = Zm:k frdx; where x1,...,x9, are
local real coordinates on X, and f; is a smooth C-valued function on X.
We define the complex de Rham cohomology group H §R(X ,C) as the space
of closed C-valued k-forms modulo exact forms (as in the real case). Note
of course that H¥; (X,C) = H¥: (X,R) ®g C.

Now let zq,...,z, be local complex coordinates on X, and write z; =
x; +1iy; foreachi=1,...,n. So x1,y1,...,Tn, Yn are local real coordinates
on X. We can write a C-valued k-form in terms of the dz; = dx; + idy;,
dz; = dx; —idy; (instead of the dx;, dy;). A (p,q)-form is a C-valued (p+ q)-
form which is locally of the form

Z fLJdZ] NdZy

l|=p.|J|=q
for some C-valued functions f7 ; on X. Let

HP(X) C HY(X,C)

13



denote the complex subspace of de Rham cohomology classes represented
by a closed (p, q)-form. Note immediately that H9P = HP4, that is, H9P C
H*(X,C) is the complex conjugate of the subspace HP? C H*(X,C).

Theorem 2.1. (Hodge decomposition) [GH, p. 116] Let X be a smooth
complex projective variety (or, more generally, a compact complexr Kdhler
manifold). Then
Hiz(X,C)= @ HM(X
p+q=k

Moreover, there is a natural isomorphism HP1(X) ~ HY(X,Q%). That
is, HP1(X) is isomorphic to the qth cohomology group of the sheaf Q% of
holomorphic p-forms on X.

A holomorphic p-form w on X is a C-valued form which is locally of
the form w = Z| I|=p frdz; where z1,..., z, are local complex coordinates
on X and fr is a holomorphic C-valued function on X. The sheaf QF
of holomorphic p-forms is the data of the spaces of holomorphic p-forms
Qx(U) on U for each open set U C X together with the restriction maps
QL (U) — Q5% (V) for V C U. (We will discuss sheaves and cohomology of
sheaves in more detail in Sec. 3).

Remark 2.2. Recall that the wedge product defines a nondegenerate pairing
HER(X,C) x HE7F(X,C) — HY(X,R) ~C, (w,n) > / w A .
X

By the Hodge decomposition, this pairing decomposes into a direct sum of
nondegenerate pairings

HP x H'"P"=9 _, ™" ~ C,

(Note that the wedge product of a (p, g)-form and an (r, s)-form is a (p +
r,q + s)-form, so can only be non-zero if p 4+ r,q+ s < n.) In terms of sheaf
cohomology, we have a nondegenerate pairing

HI(Q%) x H"9(Q%P) — H™(Q%) ~ C.

We observe that this is an instance of Serre duality [Hartshorne, p. 244,
I11.7.7]. Indeed, the pairing of sheaves

N QE x QP — Q% = wx
determines an identification

Q%P =Homo, (0%, wx) = Homo, (9%, Ox) @ wx = (0%)" ® wx.

14



So the pairing above can be rewritten as
HYOE) x H"9((95)" @ wx) — H"(wx) ~ C.

This is the Serre duality pairing for the sheaf Q.

We define some notation. Let b;(X) = dimg H'(X,R) = dim¢c H* (X, C),
the ith Betti number, and h*%(X) = dimc HP4(X), the Hodge numbers.
For F a coherent sheaf on X (for example, Ox, Q%), let h'(X,F) =
dime HY (X, F).

Now let X be a smooth complex projective surface. Then

HY(X,C)=H"Y @ H*' = H'(Qx) ® H'(Ox)
H*(X,C)=H* @ H" @ H*? = H'(wy) ® H'(Qx) ® H*(Ox)

The irreqularity of X is q := h°(Qx) = h'(Ox). The geometric genus
of X is py := h(wx) = h*(Ox). We have

bl = b3 = 2q, bQ = 2pg + hl’l

by the Hodge decomposition and Poincaré duality.

3 Sheaves and cohomology

Here we give a quick introduction to sheaves and their cohomology. For
more details, see [GH, p. 34-43].

3.1 Sheaves
Let X be a topological space. A sheaf F on X is the following data:

(1) For every open set U C X, an abelian group F(U), the sections of F
over U, and

(2) for every inclusion of open sets V' C U a homomorphism pyy: F(U) —
F(V), the restriction map,

such that

(1) pvw o puv = puw-
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(2)

For U C X open and U = | J,c; U; an open covering of U, the sequence

0 — FU) — @i FUi) — @i;ﬁje]f(UiﬂUj)
s (slus)
(Si) = (si‘Uij - Sj‘Uij)

is exact.

Here for s € F(U) and V C U we write s|y for pyy(s). We also sometimes
write I'(U, F) for F(U).

Ezample 3.1. (1) If X is a complex manifold or smooth algebraic variety

3)

of dimension n, the holomorphic or regular functions on X form a
sheaf Ox, the structure sheaf, and the holomorphic or regular p-forms
form a sheaf Q% for 0 < p < n (by convention Q% = Ox). We write
wx = Q%.

Similarly, if X is a smooth manifold of dimension n, the smooth func-
tions form a sheaf Ax, and the smooth p-forms form a sheaf Ag(,
0 < p < n. Note: The use of these sheaves is not essential in the the-
ory of smooth manifolds, because we can always globalise local data
using smooth bump functions. They are however sometimes used in
an auxiliary role (e.g., proof of de Rham theorem [GH, p. 43-44]).

If X is a topological space and A is an abelian group (for example,
A =7), the locally constant A-valued functions on X form a sheaf A,
the constant sheaf with stalk A.

A morphism of sheaves a: F — G is a homomorphism ag: F(U) —
G(U) for each open U C X, compatible with the restriction maps. The kernel
of a is the subsheaf ker o of F defined by (ker )(U) = ker aiy. The image
of « is the subsheaf Im « of G defined as follows: s € G(U) lies in (Im«a)(U)
if there exists a open covering U = |JU; of U such that s|y, € Imay, for

all 4.

(Note: (Ima)(U) # Imay in general.) The cokernel of « is the sheaf

coker a defined as follows: an element of (coker «)(U) is given by an open
covering U = |JU; of U and sections s; € G(U;) such that

silu,nu; — sjlunu; € Imag,nu;

for all i # j. Two such data (s; € F(U;)), (sj € F(U;)) define the same ele-
ment of (coker a)(U) if for all P € U there exists an an open neighbourhood
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V of P and 4,j such that V' C U; NUJ and s;|v — si|v € im(ay). (Note:
(coker a)(U) # coker oy in general.)
The stalk of a sheaf F at a point P € X is

Fp = lim F(U),
UsP

the direct limit over open neighbourhoods U of P of the abelian groups
F(U). That is, an element of Fp is given by a section s € F(U) for some
open neighbourhood U of P, and (s € F(U)), (t € F(V)) define the same
element of Fp if there exists an open neighbourhood W of P such that
W cUNV and s|lw = t|w.

Ezample 3.2. (1) Let X be a complex manifold, P € X a point, and
Z1,...,%n local complex coordinates at P. Then an element of Ox p
is a power series in z1, ..., z, with positive radius of convergence.

(2) If X is an algebraic variety then Ox p is the local ring of regular
functions at P.

We say a sequence of sheaves
a B
E—F —G

is exact if the induced sequence of stalks at P is exact for all P € X.
Equivalently, im« = ker  (where im « and ker 3 are the subsheaves of F
defined above).

Ezample 3.3. Let X be a complex manifold. The exponential sequence is
the exact sequence of sheaves

0 - Z — Ox — 0% — 0

foe exp(2mif)

Here Z denotes the constant sheaf with stalk Z, and O% denotes the sheaf
of holomorphic functions on X which are nowhere zero (with group law
pointwise multiplication). Note that Ox(U) — O%(U) is not surjective in

general (for example, if X = U = C\ {0}).

We introduce some more terminology. Let X be a complex manifold or
smooth algebraic variety of dimension n. Then the structure sheaf Ox is a
sheaf of rings, that is, each Ox(U) is a ring and the restriction maps are
ring homomorphisms. We say a sheaf F on Ox is an Ox-module if F(U)
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is an Ox (U)-module for each U, and this structure is compatible with the
restriction maps. An Ox-module F is locally free of rank r if there is an open
covering U = {U; }ier of X such that Fy, ~ (’)ﬁr for each 7. For example

QF is locally free of rank (;) An Ox-module F is coherent if there is an
open covering U = {U; };c; of X and an exact sequence

O(Gimz — (93”Z — Flu, — 0

for each i (that is, F is locally a cokernel of a map of free sheaves of finite
rank).

3.2 Cohomology of sheaves

Let F be a sheaf on a topological space X, and U = {U, };er a finite open
covering of X. We write Uj,...;, = Uj, N --- N U;,. Define

CPU,F)= P FUii,)

i<+ <ip
and
p+1 '
d: CP(U,F) — CP LU, F),  (ds)igeipps = Z(—l)]sio.‘@;...i,,ﬂ|Uz-o.<.z-p+1-
j=0

One checks that d?> = 0. We define the Cech cohomology HP(U,F) of
F relative to the open covering U to be the cohomology of the complex
(C(U,F),d), that is

ker(d: CP(U, F) — CPT(U, F))
Im(d: CP~Y(U, F) — CP(U, F))

HP (U, F) =

Note immediately that H°(U, F) = F(X) by the sheaf axioms.

Now let V = {V}};cs be a refinement of the open covering ¢/. That is,
for all j € J there exists ¢ € I such that V; C U;. Fix a map ¢: J — I such
that V; C Ug(; for all j. Then ¢ induces maps

pe: CPU,F) = CPV, F) (p65)joip = 56(jo)-60in) [Vig-ip
which are compatible with the differentials d, and so induce maps

P Hp(u7f) - Hp(v7‘7:)
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on cohomology. One shows that the maps pg on cohomology do not depend
on the choice of ¢ (because the maps ps on complexes for different choices
of ¢ are chain homotopic). We define the Cech cohomology HP(X,F) of F
by
HP(X,F) = li_rr>1Hp(L{,.7:),
u

the direct limit over open coverings U of X of the H1(U, F).

Ezample 3.4. Let X be a topological space. Then HP(X,Z) ~ HP(X,Z),
that is, the Cech cohomology of the constant sheaf with stalk Z is isomorphic
to the (simplicial) integral cohomology of X. To see this, let X ~ |X| be
a triangulation, with vertices {v;};cr. Let U; = Star(v;), the union of the
interiors of simplices containing v;. Then U = {U, }ier is an open covering of
X, and Uj,...;,, is non-empty iff (vig - - -vip> is a simplex of X and is connected
when nonempty. We obtain an isomorphism

CPU,Z) — CP(X,Z) = Cp(X,Z2)" 5= (Sigiy) = ((Vig =+ Vi) = Sigeoiy)
which is compatible with the differentials, and so an isomorphism
HP(U,Z) — HP(X,7Z).

We can make the open covering U arbitrarily fine by subdividing . So,
passing to the limit over all coverings, we deduce

H(X,Z) <> HP(X,Z)
as claimed.
Cech cohomology groups can be computing using the following theorem.

Theorem 3.5. (Leray theorem) Let X be a topological space, F a sheaf on
X, and U = {U;}ier an open covering of X such that

HY(Usy...i,,, F) = 0 for all ¢ > 0 and ig, . . . ip. (2)
Then HP(X,F) = HP(U,F).
Ezample 3.6. The hypothesis (2) is satisfied in the following cases:

(1) X an algebraic variety, F a coherent sheaf, and &/ an open covering of
X by affine open sets.

(2) X a complex manifold of dimension n, F a coherent sheaf, and U
a covering of X by polydiscs (that is, open sets of the form A™ for
A = (]z| <r) C C, some r > 0).
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(3) X a topological space, F = A a constant sheaf, and U = {U,}ier an
open covering of X such that U,...;, is contractible for all i, ..., 7, (cf.
Ex. 3.4).

Here is one of the main applications of sheaf cohomology. Let
0—-€&—-F—-G—0

be an exact sequence of sheaves. Then there is an associated long exact
sequence of cohomology

0 - H°X,,) — HYX,F) — H%X,G)
HY (X,§) — HYX,F) — HYX,9)
H*(X,E) —

é

N

1

N
To see this, assume for simplicity that there exist arbitrarily fine open cov-
erings U = {U, };cr of X such that the sequence

0 — S(Ui0~~~ip) — f(UZOZp) — Q(Uio...ip) — 0

is exact for all 4g, ..., 4,. (This is always satisfied in practice.) Then we have
an exact sequence of complexes

o—-cUu,e)—-CcU,F)—CcU,G)—0

which (as usual, see [Hatcher, p. 116-7]) induces a long exact sequence of
cohomology

S HUULE) — HU,F) — HU,G) > HHU,E) — -

Taking the limit over open coverings U gives the result.
In particular, given a short exact sequence of sheaves

0—-E&—-F—G—0,
we have an exact sequence of abelian groups
0— &(X) — F(X) = G(X) > HY(X,E)

So, a section t € G(X) is the image of a section s € F(X) iff §(¢) = 0 in
HY(X,E).
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3.3 Analytic and algebraic approaches

If X is a smooth complex variety then there is an associated complex man-
ifold, denoted X?". Note that the topology on X is the Zariski topology
(the open sets are complements of finite unions of closed subvarieties) and
the topology on X?2" is the usual Euclidean topology.

We state some results from [Serre56]. If F is a coherent sheaf on X there
is an naturally associated coherent sheaf F2" on X?". Now suppose X is
projective, so X" is compact. Then, for F a coherent sheaf on X, there are
natural isomorphisms

H'(X,F) = H'(X™, F*)

for each ¢ . In particular, F(X) ~ F?**(X). Note that this is not true
in general if X is not compact. For example, if X = Al and F = Oy,
then F2" = Oxan, the sheaf of holomorphic functions on X", and exp(x) €

Oxan (X) \ Ox (X).

4 Divisors and Line bundles

Let X be a smooth algebraic variety over k = C.
A divisor on X is a finite formal Z-linear combination of irreducible
codimension one closed subvarieties

DZZTMY};, n; €7

We say D is effective and write D > 0 if n; > 0 for all 4. For 0 # f € k(X)
a nonzero rational function on X, the principal divisor associated to f is

(f)=> wi(f)-Y

YCcX

Here the sum is over codimension one subvarieties Y C X and vy (f) is the
order of vanishing of f along Y. That is, locally at a general point P € Y
we can write Y = (¢ = 0) and f = ¢g”h, where h is regular at P and not
divisible by g, and v = vy (f) € Z. So, (f) is the divisor of zeroes and poles
of f counted with multiplicities.

A line bundle L over X is a morphism p: L — X with each fibre L,
a complex vector space of dimension 1, which is locally trivial in the fol-
lowing sense: there exists an open covering U = {U;};c; of X, and local
trivialisations

¢ : L|U¢ :>Uz x C
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compatible with the vector space structure on the fibres and the projection
maps p, pr;. Then

(Z)j o (ﬁi_li Uij x C— Uij X (C, (l’,’U) — (x,gij(x) . ’U),

where the transition functions g;;: U;; — C* are nowhere zero regular func-
tions, that is, g;j € O%(Ui;). The (gi;) define a Cech cocycle in C1 (U, O%).
Indeed, we have g;r9ij = gir s0 (dg)ijr = gjkgi_klgij = 1. If we change the
trivialisations ¢; by composing with multiplication on fibres by f; € O% (Us),
then (g;;) is replaced by (fjgi;f; 1) = (gif;f; 1) = g-df. Let Pic(X) denote
the set of isomorphism classes of line bundles. The set Pic(X) is an abelian
group with group law (fibrewise) tensor product: (L ® M), := L, ®c M,.
This corresponds to multiplication of transition functions. We deduce that

Pic(X) ~ H'(X,0%).

Let p: L — X be a line bundle. We can consider the sheaf £ of regular
sections of L, that is, for U C X open,

LWU)={s|s:U — L|y regular, pos =idy}.
In terms of local trivialisations,
L(X) ={(si) | si € Ox(Us), sj = gijs;}-

Conversely, given £ we can reconstruct p: L — X.

A rational section s of L is a section over some (Zariski) open subset
U. In terms of local trivialisations, s is given by s; € k(X) such that
sj = g;jsi, cf. above. For s a nonzero rational section we can define the
divisor D = (s) = Y yxVy(s) - Y of zeroes and poles of s exactly as
for rational functions, using local trivialisations of L. D is determined by
L modulo prinicipal divisors (f) (because if s,¢ are two nonzero rational
sections then f = t/s is a rational function). We say Di, Dy are linearly
equivalent if they differ by a principal divisor, write Div(X) for the group
of divisors, and Cl(X) for the divisor class group of divisors modulo linear
equivalence. Then the above construction defines an isomorphism

Pic(X) 5 CI(X), L (s). (3)

The inverse of this isomorphism can be described as follows. Given D a
divisor, define a sheaf Ox (D) by

(U, 0x (D)) ={f € k(X) | f =0o0r (D +(f))lv =0}
Then Ox (D) is the sheaf of sections of a line bundle L, and L + D under
the isomorphism (3).
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4.1 The Picard group

Let X be a smooth complex projective variety of dimension n. Let X" de-
note the associated compact complex manifold. Consider the exact sequence
of sheaves (the exponential sequence)

0—)Z—>0Xan—>o;(an—>o’

where the second arrow is given by f +— exp(27if). The induced long exact
sequence of cohomology gives

0— HY(X,Z) —» H'(Ox) — PicX — H*(X,Z) — H*(Ox) — -
Here we used the following facts:

(1) The sequence of global sections is
0-Z—-C—-C*—0

(a global regular function on a projective variety is constant), in par-
ticular it is exact,

(2) H(Oxan) = H(Ox) by GAGA [Serre56],

(3) HY(X,O%u) = Pic X* (we can define the Picard group for a complex
manifold in the same way as above), and

(4) Pic X™ = Pic X by GAGA.

The map Pic X — H?(X,Z) in the exact sequence above is called the first
Chern class and denoted c¢;. We will describe it explicitly shortly.

The maps H'(X,Z) — H*(Ox) in the long exact sequence are the fol-
lowing composition (see [GH, p. 163]):

HY(X,Z) — H'(X,C) ~ Hix(X,C) - H* ~ H'(Ox).

Here the first map is given by extension of scalars from Z to C, the second
is the de Rham isomorphism, the third is the projection onto the factor H%?
of the Hodge decomposition of Hi (X, C), and the fourth is the Dolbeault
isomorphism of the Hodge summand H"® with H*(Ox) (stated earlier as
part of Hodge decomposition theorem). In particular, we obtain an exact
sequence

0— HY(X,0x)/HY(X,Z) — PicX 2> HY'' N H*(X,Z) — 0
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Indeed, by the long exact sequence and the above description of the map
H?(X,Z) — H?(Ox), the image of ¢;: Pic(X) — H?(X,Z) is the subgroup
of classes w € H?(X,Z) such that, writing w = w*? +wh! + w2 using the de
Rham isomorphism and Hodge decomposition, we have w®? = 0. But since
w is a real class, w?? = w02 so this is equivalent to w € HY!. (This is the
Lefschetz theorem on (1,1)-classes.) The kernel of ¢; is denoted Pic?(X) and
called the Picard variety. It is a complex torus of dimension ¢ = h'(Ox).
Indeed, we have Pic’(X) = H'(Ox)/H'(X,Z) by the exact sequence, so it
remains to show that H'(X,Z) ¢ H'(Ox) is a lattice, that is, the map of
R-vector spaces

HY(X,Z)®R — HY(Ox)

is an isomorphism. (Then the quotient H'(Ox)/H'(X,Z) is diffeomorphic
as a smooth manifold to the real torus (S!)2¢.) This fact follows from the
Hodge decomposition and the description of the map H'(X,Z) — H'(Ox)
above: H'(Ox) has complex dimension ¢, and H(X,C) = H'* @ H%! has
complex dimension 2¢, equivalently, H!(X,Z) has rank 2¢q. So H'(X,Z)®R
and H'(Ox) have the same real dimension 2¢, and it suffices to show that
the above map is injective. If w is in the kernel then w = w'® + w%! where
WOl =0, and wh? = W01 because w is a real class, so w = 0 as required.

We can describe the first Chern class ¢1: Pic X — H?(X,Z) explicitly
as follows. If L is a line bundle on X, let D be an element of the associated
divisor class (the locus of zeroes and poles of a rational section of L). Then
D defines a cycle [D] € Hap—2(X,Z) of real codimension 2. Let

PD: Hy, o(X,Z) — H*(X,7Z)

denote the Poincaré duality isomorphism. Then ¢;(L) = PD([D]). See [GH,
p. 141-143].
To recap, the Picard group Pic(X) is an extension

0 — Pic®(X) — Pic(X) 2 HY' N H?*(X,Z) — 0
of the discrete group HY' N H?(X,Z) by the continuous group Pic?(X).

Moreover Pic(X) = H(Ox)/H"(X,Z) is a complex torus of dimension g.

Ezample 4.1. If HY(Ox) = 0 then Pic(X) is discrete, and if in addition
H?(Ox) = 0 then Pic X ~ H?(X,Z). This is the case for rational surfaces.

Example 4.2. For a K3 surface X we have H!(Ox) = 0 and H*(Ox) ~ C.
Thus PicX ~ HY' N H?(X,Z). The abelian group H?(X,Z) has rank
22, and H"' has complex dimension 20. The complex subspace H!' C
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H?(X,C) is preserved by complex conjugation, so corresponds to a real sub-
space Hﬂlg’1 C H?(X,R) of the same dimension. The intersection Pic X =
Hﬂé’l N H?(X,Z) in H?(X,R) has rank 0 < p(X) < 20, and all these values
occur. (Note however that the examples with p(X) = 0 are non algebraic
complex manifolds.) A general projective K3 surface has Pic X ~ Z gen-
erated by an ample line bundle (that is, some multiple of the generator

corresponds to the divisor class given by a hyperplane section in an embed-
ding X c PV).

4.2 The intersection product on the Picard group

Let X be a smooth projective surface over k& = C. Recall that the first
Chern class
c1: PicX — H*(X,7Z)

is identified via Poincaré duality with the map
ClX — Hy(X,Z), D~ [D]

from the divisor class group to homology given by regarding a divisor as a
2-cycle. We have the (topological) intersection product

N: Hy(X,Z) x Hy(X,Z) — 7

and we define the intersection product on PicX = ClX as the induced
product,
DDy = [Dl] N [DQ]

Algebraically, if C7,Cs C X are irreducible curves,
Cr-Cy= Z (C1-Co)p
PeCiNCy

where the intersection multiplicity (C1 - Co)p of Cy,Cs at P € X is defined
as follows: locally at P € X write C; = (f; =0) C X, then

(C1 - Co)p :=dimy, Ox p/(f1, f2) (4)
One can check this agrees with the topological intersection product by a C*°
perturbation argument, see [GH, p. 62].

Remark 4.3. If X is a complex manifold and Z,W C X are complex sub-
manifolds meeting transversely, then, since the orientations of Z, W, X are
induced by the complex structure, at each point P € ZNW the intersection
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index ip(Z,W) = +1. That is, there are no signs in the topological inter-
section product [Z] N [W]. (This easy observation is extremely important in
algebraic combinatorics.)

Remark 4.4. If X is defined over an arbitrary algebraically closed field & one
can define the intersection product using the equation (4). One then needs
to show that it is well defined modulo linear equivalence.

Suppose C C X is an irreducible curve. We describe two ways to com-
pute the self-intersection C2. First, we can find a rational function f such
that the principal divisor (f) contains C' with multiplicity 1 (just take f a
local equation of C' at a point of X). Then D = C'—(f) is linearly equivalent
to C and does not contain C' as a component, so C? = D - C and we can
compute D - C' as above. Alternatively, we have the general formula

D-C =degL|c

where £ = Ox (D) is (the sheaf of sections of) the line bundle associated to
D. Setting D = C' we obtain

C? = deg Ox(O)lc = degNo/X

where
Neoyx = O0x(O)le (5)

is the normal bundle of C C X.

We explain the equality (5). We assume C' C X is smooth for simplicity.
Recall that the normal bundle Ng /x of C C X is the line bundle defined by
the exact sequence of vector bundles on C'

0—Te — Txlc — Ng/x — 0
where T, Tx denote the tangent bundles of C'; X. Dually,
0 —>N(’§/X — Qx|lc — Qe — 0.

Locally, let C'= (x = 0) C X, then Né/X is generated by dx. We have an
exact sequence of sheaves

0—Zg/x - O0x - Oc—0

where Z¢/x C Ox is the ideal sheaf of regular functions vanishing on C'
There is a natural isomorphism

Ieixle — Ng)x
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given locally by = +— dz. Finally, observe that Zr/x = Ox(—C) — a section
of Ox(—C) over U C X is a rational function f such that (f)—C > 0on U,
equivalently, f is regular on U and vanishes on C. So Ox(—C)|¢ ~ N(*}/X,
and dualising gives (5).

For X a smooth variety, the canonical line bundle wx = AH™XQy is the
top exterior power of the cotangent bundle. The canonical divisor class K x
is the associated divisor class. Now let X be a smooth projective surface
and C' C X a smooth curve. Then we have the adjunction formula

KC:(K)(—I—C)|C. (6)
Taking degrees,
2g—2=degKc=(Kx+C)-C

where g is the genus of C'. The adjunction formula is deduced from the exact
sequence
O—>N5/X—>QX‘C—>QO—>O (7)

as follows. If
0—-U—-V-W-=0

is an exact sequence of vector spaces of dimensions r, s, t, we have a natural
isomorphism
ANV = AU @ AW

This induces a corresponding isomorphism for an exact sequence of vector
bundles. In particular, from (7) we obtain

/\29)(’0 ~ Név/X ® Qo.
Rearranging and using N/ x = Ox(C)|c gives
we =wx ® Ox(O)lc

and passing to the associated divisors we obtain the adjunction formula (6).

Ezample 4.5. Let X be a smooth surface, P € X a point, and 7: X — X
the blowup of P € X. So 77 'P = E is a copy of P!, the exceptional curve,
and 7 restricts to an isomorphism

m: X\ E = X\ {P}.

We compute that the self intersection E? = —1. Let D C X be a smooth
curve through P. Let D' C X be the strict transform of D, that is, D’ is
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the closure of the preimage of D\ {P}. Then D’ is a smooth curve which
intersects E transversely in one point. In particular, D' - E = 1. Now
consider the pullback 7*D of D. (In general, if f: X — Y is a morphism of
smooth varieties and D is a divisor on Y, then locally on Y the divisor D
is principal, say D|y, = (g;) for some open cover U = {U;}, and we define
f*D by f*Dl|s-y, = (gio f).) Let x,y be local coordinates at P € X such
that D = (y = 0). Over P € X we have a chart of the blowup 7 of the form
Ai,y/ — Aiyy, (u,y') — (u,uy).

We deduce that 7*D = D' 4+ E (because in this chart 7*D = 7*(y = 0) =
(uy’ =0) = E+ D'). Now 7*D - E = 0 because we can write D ~ B, where
B is a divisor not containing P, then 7*D - E = n*B - E = 0 since 7n*B is
disjoint from E. Combining we deduce that E? = —1 as claimed.

We make a few more comments about the self-intersection C? of a smooth
curve C' C X. If C? < 0 then C cannot move in a family, that is, there does
not exist a non-trivial family {C;} of curves with Cp = C. Indeed, given
such a family we have C? = C - Cy > 0, a contradiction. Now suppose
C? > 0 and {C;} is a family with Cyp = C. The family determines a section
s € I'(C,N¢/x) of the normal bundle of C' in X as follows. Locally, write
C=(f=0)cCX,and C;, = (f +tg+--- = 0) where --- denotes higher
order terms in ¢. Then the section s of NC/ x =154 / vl is locally given
by f +— g, where g € O¢ is the image of g € Ox. (So, s corresponds to
the first order deformation of C given by the {C}}.) This gives a geometric
explanation for the formula C? = deg NC/ x in this case — the zero locus of
s is approximately equal to C' N Cy for small ¢.

5 The Riemann—Roch theorem

If X is an algebraic variety over a field £ and F is a coherent sheaf on X then
HY(X,F) =0 for i > dim X. If in addition X is projective then H*(X,F)
is a finite dimensional k-vector space for all i. See [Serre55, p. 259, Thm. 1].
We write h'(X, F) = dimy H (X, F).

Now assume X is a projective variety over k of dimension n and F is a
coherent sheaf on X. We define the Euler-Poincaré characteristic x(X,F)
of F by

X(X, F) = (~1) dimy H'(X, F).
i=0
If
0—-€&—-F—-G—0
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is an exact sequence of sheaves on X then we have

X(X, F) = x(X, &) + x(X, 9). (8)
Indeed, we have the long exact sequence of cohomology groups
0— HY(X,&) —» H'(X,F) - H*(X,G) = H'(X,€) = -+ — H"(X,G) — 0.

By linear algebra the alternating sum of the dimensions of the terms in this
exact sequence is zero. This gives (8).

Because of the additivity property (8) it is usually much easier to com-
pute x(X,F) than the individual terms h*(X,F). In fact, x(X,F) can be
expressed solely in terms of topological invariants of X and F. This is the
content of the Hirzebruch—Riemann—Roch formula. We describe the formula
in case F is a line bundle £ = Ox (D) and dim X =1,2.

5.1 Curves

Let X be a smooth projective curve over k = C. The cohomological form of
the Riemann-Roch formula for £ = Ox (D) is

x(Ox(D)) = x(Ox) + deg D.
That is,
K(Ox(D)) — B (Ox (D)) = K(Ox) — h(Ox) + deg D.

Serre duality defines an isomorphism H'(Ox (D)) ~ H°(Ox(Kx — D))*, so
we can rewrite the above formula as

h?(Ox (D)) = K (Ox (Kx — D)) = h°(Ox) — h®(Ox(Kx)) + deg D.
Finally h°(Ox) =1 and h°(Ox(Kx)) = g, the genus of X, so we obtain

Theorem 5.1. (Riemann-Roch for curves) Let X be a smooth projective
curve of genus g over k = C. Then

h(Ox (D)) — h°(Ox(Kx — D)) =1 — g+ deg D.

The Riemann—Roch formula in this form was proved in 508A (notes
available on my website). In that course we used the notation L(D) =
H°(Ox (D)) =T'(X,0x(D)) and I(D) = dimy, L(D).
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5.2 Surfaces

Theorem 5.2. (Riemann Roch for surfaces) Let X be a smooth projective
surface over k = C. Then

X(Ox(D)) = X(Ox) + L D(D ~ Kx).

Proof. First suppose that D = C is a smooth curve on X. We have the
exact sequence of sheaves

0—O0x(-C)—O0x - 0c—0

on X, where Ox(—C) = Z¢/x C Oy is the ideal sheaf of C' C X (the sheaf
of regular functions on X vanishing on C'). We tensor this exact sequence
with the line bundle Ox(C) to obtain

0—O0x — 0x(C)— O0x(C)|c —0

(note that tensor product of line bundles corresponds to addition of divisors).
Now by additivity of x we have

x(0x(C)) = x(O0x) + x(Ox(C)lc)-
So, to verify the Riemann—Roch formula in this case, we need to show that
1
X(Ox(0O)le) = 50(C — Ex).
By Riemann—Roch on C' we have
X(0x(C)lc) =1—g+degOx(C)|c =1—g+C?
where ¢ is the genus of C, and
2g—2=degKc=(K+C)C
by the adjunction formula. Combining we obtain
1 1
X(0x(O)le) = =5 (K +C)C + C? = 5C(C = Kx)

as required.

Now suppose D is arbitrary. Let H be a hyperplane section of X in some
projective embedding X < PV. Then, for n > 0, D + nH is a hyperplane
section in some embedding X < PM. This follows from Serre vanishing
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(if F is a coherent sheaf on a projective variety X and H is a hyperplane
section, then HY(X,F ® Ox(nH)) = 0 for i > 0 and n > 0), together
with the embedding criterion (a map X — PV from a projective variety to
projective space defined by a line bundle £ is an embedding if the global
sections s € T'(X, L) separate points and tangent vectors). We omit the
details here. We write

D=(D+nH)—-nH~A-B,

where A and B are general hyperplane sections of X in two (different)
embeddings in projective space. In particular, A and B are smooth and
irreducible. (This is Bertini’s theorem: if X C PV is a smooth closed
subvariety of projective space then a general hyperplane section of X is
smooth, and is irreducible if dim X > 1. See [GH, p. 137].) Now consider
the exact sequence

0— Ox(A—B)— Ox(A) — Ox(A)|p — 0.
Note that Ox (D) ~ Ox(A — B) because D ~ A — B. So

x(Ox(D)) = x(0Ox(A4)) — x(Ox(4)|p),

and we can compute x(Ox(A)) using the Riemann—-Roch formula for an
irreducible smooth divisor on a surface proved above and x(Ox (A)|p) using
the Riemann-Roch formula on B. We deduce the Riemann-Roch formula
on a surface in the general case. O

As in the case of curves, the Riemann—Roch formula for surfaces is used
together with Serre duality.

Theorem 5.3. (Serre duality) Let X be a smooth projective variety over
k = C of dimension n and D a divisor on X. Then there is a k-bilinear
map

HY(X,0x(D)) x H"Y(X,0x(Kx — D)) — H"(Ox(Kx)) ~ k.
which induces an isomorphism H(X,0x (D)) ~ H" {(X,0x(Kx — D))*.

This is proved in [Hartshorne, II1.7] using projective methods and in
[GH, p. 153] and [Voisin, p. 135, Thm. 5.32] using Hodge theory. (Note that
the analytic approach is closely related to Poincaré duality.) It was also
proved for curves in 508A using residues of differential forms (there we used
the notation I(D) for H(Ox(D))).
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Combining the Riemann—Roch formula for surfaces with Serre duality
we obtain

1
h’(Ox(D)) — h'(Ox(D)) + h*(Ox(Kx — D)) = x(Ox) + 5 D(D = Kx).
In applications we often use the resulting inequality
1
R (Ox (D)) + h*(Ox(Kx — D)) > x(Ox) + 5 D(D — Kx)

because h!(Ox (D)) does not have a direct geometric meaning.
If X is a smooth projective curve then x(Ox) = 1 — g where g is the
genus of X. The analogous result for surfaces is

Theorem 5.4. (Noether’s formula)[GH, p. 600] Let X be a smooth projec-
tive surface over k = C. Then

X(Ox) = 35 (K% + e(X)),

where
e(X):=) (-1)'dimg H'(X,R)

is the (topological) Euler characteristic of X.

6 Hodge index theorem

Let X be a smooth complex projective surface (or more generally a compact
complex Kéhler manifold). Consider the wedge product

A H*(X,R) x H*(X,R) — R.
Recall that we have the Hodge decomposition
H*(X,C)=H*" o H" ¢ H"?,

and H%? = H20 gL = 11 Thus H>? @ H%? and H''! are preserved by
complex conjugation, so are obtained from R-vector subspaces (H?®H%?)p
and Hﬂl{’1 of H%(X,R) by extension of scalars from R to C, and

H*(X,R) = (H** @ H*?)p © Hy".

Theorem 6.1. (Hodge index theorem for surfaces) [GH, p. 123-125] [Voisin,
p. 152] The wedge product is positive definite on (H*°® H%?)g and has sig-
nature (1, A% — 1) on H]Ilg’l.
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The theorem is proved using the Lefschetz decomposition of cohomology.
We will prove a weaker assertion in the algebraic context shortly.

Let X be a smooth projective surface over £ = C. We prove the first
statement in the Hodge index theorem: the wedge product is positive definite
on (H?*Y@ H%?)g. (The proof of the second statement, that the signature of
Hy'is (1,h5! — 1), is more involved.) Let 0 # [w] € (H2? @ H*2)g. Then
w = a+ & where « is a (2,0)-form, and

W=wAw=2aAa
(Note o = a? = 0 since « is a (2,0)-form.) Locally on X, write a =
fdz1 A\ dzo where f is a smooth C-valued function and z1, zo are complex
coordinates on X. Then

w?=2aAa=2|fPdzy Adz AdZ AdZ
= —2‘f‘2d2’1 ANdzy Ndzo N\ dzy = —2’f‘2(—2i)2d1‘1 Adyy N\ dxo A dys
= 8| f|*dx1 A dyy A dxo A dyo.

Here we wrote z; = x; + 1y; and used the identity
dz N dz = (dz + idy) A (dx — idy) = —2idx A dy.

We deduce that [w]? = [, w? > 0 as required.

We now describe the algebraic consequences of the Hodge index theorem.
Let X be a smooth projective surface over k = C as above. We say two
divisors D, D’ on X are numerically equivalent and write D = D' if D-C =
D' C for every curve C' C X. We write Num X for the (free) abelian group
of divisors modulo numerical equivalence, and p(X) for the rank of Num X.

Corollary 6.2. Num X = HY' N (H?(X,Z)/ Tors) and the intersection
product on Num X has signature (1,p — 1).

Proof. Recall that the intersection product on Cl(X) = Pic(X) is induced
from the wedge product via the first Chern class

c1: PicX — H*(X,7Z),

and the image of ¢; is H%!' N H?(X,Z). Let H be a hyperplane section
of X in some embedding in projective space. Then H? > 0, so the wedge
product on the orthogonal complement H+ C Hﬂlk’1 is negative definite by the
Hodge index theorem. In particular, the form is negative definite on H+ C
HY' N (H?(X,Z)/ Tors), and so is nondegenerate of hyperbolic signature
(1,7 — 1) on HY' N (H%*(X,Z)/ Tors). We deduce that Num X = H%' n
(H?(X,Z)/ Tors), of signature (1, p — 1), as required. O
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We give an algebraic proof that Num X has hyperbolic signature (1, p—1)
using the Riemann-Roch formula. Let H be a hyperplane section of X.
Then H? > 0. If the signature is not hyperbolic, there exists a divisor D
such that D - H = 0 and D? > 0. (Note that the intersection product on
Num X is nondegenerate by construction.) We show that such a divisor
cannot exist. Consider the Riemann—Roch formula for nD, n € Z:

K (Ox (nD))+h’(Ox (Kx—nD)) > x(Ox(nD)) = X((’)X)—l—%nD(nD—KX).

In particular, as n — =£oo, x(Ox(nD)) ~ in?D? — co. We claim that
hY(Ox(nD)) = 0 for all n € Z. Indeed if 0 # s € H°(Ox(nD)), then
D' = (s = 0) is an effective divisor linearly equivalent to D. But then
D'-H = D-H = 0, and H is a hyperplane section, so D’ = 0. This
contradicts D? > 0. We deduce that h°(Ox(Kx —nD)) — co as n — Fo0.
For n > 0, pick 0 # s € H*(Kx — nD), then tensor product with s defines
an inclusion HY(Kx +nD) C HY(2Kx). So h°(Kx +nD) < h%(2Kx) for
n > 0, a contradiction.

7 Birational geometry of surfaces

7.1 The blowup of a point on a smooth surface

Let X be a smooth complex s.urface~ and P € X a point. The blowup of
P € X is a birational morphism 7: X — X such that F := 77! P is a copy
of P!, the exceptional curve, and 7 restricts to an isomorphism

X\E = X\ {P}.

If z,y are local coordinates at P € X, then, working locally analytically
at P € X, we can identify P € X with 0 € Ag’y. Then the blowup 7: X — X
is given by two charts as follows:

A2, = A2 (uy) e (2y) = (uuy)

AL, = A2, (@ 0) = (2,y) = (0 0)

Here the exceptional curve E is given by (v = 0) and (v = 0) in the two
charts. We observed earlier that E? = —1.

Proposition 7.1. We have an isomorphism

Pic(X) @ Z — PicX, (D,n)— 7*D+nkE.
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Proof. By the definition of the divisor class group, we have an exact sequence
ZE — Cl(X) — CI(X \ E) — 0

where the second arrow is given by restriction to the open set X \E C X.
(See [Hartshorne, p. 133, I1.6.5] for more details). Now X \ E ~ X \ {P}
and CI(X \ {P}) = Cl(X) because P € X has codimension 2. So we obtain
an exact sequence

ZE — Pic(X) — Pic(X) — 0.
It remains to show that the first arrow is injective. This follows from E? =
—1. O

Next we describe the blowup topologically. Let P € B C X be a ball
around P € X (in the Euclidean topology) and N = 7 !B, a tubular
neighbourhood of E ¢ X. We consider the Mayer—Vietoris sequence in
(integral) cohomology for X = (X \ E)UN and X = (X \ {P})U B. Recall
that the Mayer—Vietoris sequence for a union K U L is

-+ — H(KUL) — H(K)® H(L) » H(KNL) —» HT™ (KUL) — -+ .
In our case we obtain a commutative diagram

--— HY(X) — HYX\E)®H(N) — H'ON) — HT(X)
T T T T
= H'(X) — H'(X\{Ph)eH'(B) — H'(B) — H"(X)

Now B is contractible, so H'(B) = H'(pt), and N is homotopy equivalent
to E ~ P! so H(N) ~ H(P"). Also X \ E~ X \ {P} and ON ~ dB. We
deduce that H*(X,7Z) ~ H*(X,Z) ® Z and H (X,Z) ~ H (X, Z) for i # 2.
Note that the isomorphism H?(X,Z) ~ H?*(X,Z) @ Z is compatible with

the isomorphism Pic(X) ~ Pic X @& Z obtained above under c;.

Proposition 7.2. Let X be a smooth surface, 7: X — X the blowup of a
point P € X, and E = 7w~ P the exceptional curve. Then Kg=m"Kx+FE.

Proof. Let x,y be local coordinates at P € X and w = dx A dy, a rational
2-form on X. Then Kx = (w), the divisor of zeroes and poles of w. (Here
(w) == > ccx vo(w)C where the sum is over irreducible divisors C' C X
and vo(w) is the order of vanishing of w along C defined as follows: let
@ € C be a general point, z,w local coordinates at @}, and write w =
fdz A dw where f € k(X), then vo(w) = vo(f). Equivalently, (w) is
the divisor of zeroes and poles of w regarded as a rational section of the
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canonical line bundle wy). Also K¢ = (7*w) = (d(7*z) A d(m*y)). (If
f: X — Y is a morphism of smooth varieties and w is a k-form on Y
then the pullback f*w of w is defined in the obvious way: locally on Y,
W = Y giipdzi; A -+ Adxi, where x1,...,x, are local coordinates and
ffw =3 f*giyi d(fFxiy) Ao ANd(f*x;,), where f*g = g o f denotes
pullback of functions.)

We need to compare Ky = 7n*(w) and K3 = (n*w). Clearly these
divisors coincide over X \ E (because 7 restricts to an isomorphism X\E ~
X \ {P}.) The divisor 7*(w) does not contain £ = 7~ !P because w is
regular and nonzero at P. We compute the coefficent of E in (7*w) by a
local calculation: one chart of the blowup is

Ai,y’ - A2 (u7y/) = (l‘,y) = (u,uy/).

w7y’

So, on this chart,
mw = d(r*z) ANd(r*y) = du A d(uy') = du A (Y du + udy’) = udu A dy'.

Thus (7*w) = (u = 0) = E in this chart. Combining, we deduce that
Kf( =nm"Kx + F. ]

7.2 Elimination of indeterminacy of rational maps

Let X and Y be varieties and f: X --» Y a rational map. (Recall that a
rational map f: X — Y is amorphism f: U — Y from a Zariski open subset
U C X, and we regard two rational maps fi, fo: X --+ Y as equivalent if
they agree on Uy N Usy.) Assume that X is smooth. Then f restricts to a
morphism f: U — Y where U = X \ Z and Z C X is closed of codimension
> 2. To see this, assume (for simplicity) Y is projective, and write Y C PV,
where Y is not contained in a hyperplane. Then f: X --» Y C P is given
by f = (fo: -+ fn) where f; € k(X)* are nonzero rational functions on
X. In particular, f is well defined at P € X if each f; is regular at P
and some f; is nonzero at P. Moreover, the (N + 1)-tuples (fo: ---: fn)
and (gfo: ---: gfn) define the same rational map for any g € k(X)*. So,
locally near a given point P € X, we can clear denominators so that each f;
is regular, and cancel common factors so that the locus of common zeroes
has codimension > 2. Thus f is well defined outside a locus Z C X of
codimension > 2 as claimed. In particular, if X is a smooth surface, a
rational map f: X --+ Y is well defined outside a finite set of points Z C X.

Recall that for X a smooth variety and D a divisor on X the complete
linear system |D| on X is the set of effective divisors D’ linearly equivalent
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to D. It is identified with the projectivisation PI'(Ox (D)) of the space of
global sections s of the associated line bundle Ox (D) via s — D' = (s = 0).
A linear system is a projective subspace of a complete linear system. We
say an irreducible divisor F' C X is a fized component of a linear system ¢
if every D € § contains F.

A rational map f: X --» Y C PV as above corresponds to the linear
system § on X without fixed components given by

§:={f*H | H c PYa hyperplane}.

Note that f*H makes sense because f is well defined outside a codimension
2 locus Z C X. Explicitly, write f = (fo: ---: fn), Di = (fi), and D] =
D; — min; D;. (Here by min; D; we mean: write D; = >, n;;Yj, then
min; D; := ), (minj nj;)Y;.) Then D = f*(X; = 0), and ¢ is the linear
system generated (as a projective space) by the D). Equivalently, in terms
of line bundles, let £ = f*Opn~ (1) be the pullback of the line bundle Opn (1)
on PV and s5; = f*X; € I'(X, L) the global sections of £ given by the
pullback of the global sections X; of Opn(1). Then f = (sp: -+-: sn), and
The base locus of § is

Bsé:={Pe X |PeDforal Ded}CX,

It is the locus Z C X where f is undefined. In the above notation

N
Z=Bsé=(|Dj=(sg="---=sy=0)CX.
=0

Proposition 7.3. Let X be a smooth surface and f: X --» Y a rational
map to a variety Y. Then there exists a sequence of blowups

W=X,X,.1— - —X] 5 Xg=X

such that the induced map g = fom o---m, is a morphism. That is, we

have a commutative diagram
w
RN
f

X---2-- -Y

where p =m0 --- 0T, is the composite of a sequence of blowups and g is a
morphism.
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Proof. Let § be the linear system defining the rational map f and suppose
P € X is a basepoint of §. Let D € § be a general element. Let x,y be local
coordinates at P and write D = (f(z,y) = 0) near P. Let

f(l‘ay) = fm(l’,y) + ferl(-'E,y) 4+ ..

where fi(z,y) is homogeneous of degree k. So m is the multiplicity of D at
P € X. We compute that 7D = D’ + mFE where D’ is the strict transform
of D. (Recall that the strict transform D’ of D is defined as follows: D’
is the closure in X of the inverse image of the restriction of D to X \ {P}
under the isomorphism X \ E ~ X \ {P}.) We use the chart

Ai,yf — A2 (u,y) = (z,y) = (u,uy’).

'Z,7y’

In this chart, 7*D = (7* f) = (f(u,uy’) = 0), and

f(u7uy/) - (fm(Ly,) + ufm+1(u7y/) +e )um7

so 7D = D' + mE as claimed. The composite rational map f = f o is
defined by the linear system

$={D:=7*D—-mE | D€ é}.
Note that )
D? = (7*D —mE)* = D?* —m < D2
(Here we used E? = —1, and 7*A-E = 0, 7*A-7*B = A- B for A, B divisors

on X.) If f is not a morphism we repeat this process.

If § is a linear system without fixed components then D? > 0 for D € §
(because there exist effective divisors D, Dy € § with no common compo-
nents, so D? = Dy - Do > 0). Hence the above procedure stops after a finite
number of blowups. O

Ezxample 7.4. Consider the rational map
f:P?2 Pl (Xo: X1 Xo) — (Xo: X))
The map f corresponds to the linear system
6 = {(apXo+a1X1 =0) | (ap : a1) € P'}

on P? which has a single basepoint P = (0 : 0 : 1) € P?. Let n: X — Pp?
be the blowup of P € P2. Then the composite f := fomr: X — Pl is a
morphism.
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7.3 Negativity of contracted locus

Before stating the result we quickly review the notion of a normal variety. A
variety X is normal if for every point () € X the local ring Ox ¢ is integrally
closed. Equivalently, X satisfies the following two conditions:

(R1) The singular locus of X has codimension > 2.

(S2) If U € X is open, Z C X is closed of codimension > 2, and f is a
rational function which is regular on U \ Z, then f is regular on U.

See [Matsumura, p. 183, Thm. 23.8]. In particular, a normal surface has a
finite number of singular points, and (for example) a surface obtained from
a smooth surface by glueing two points together is not normal (since it does
not satisfy the condition S3). Smooth varieties are normal, and a curve is
normal iff it is smooth. If X is a variety then the normalisation of X is a
normal variety X" together with a finite birational morphism v: XV — X.
Any dominant map f:Y — X from a normal variety Y factors uniquely
through the normalisation of X.

Theorem 7.5. Let f: X — Y be a birational morphism from a smooth
projective surface X to a mormal projective surface Y. Let Eq,..., E,. be the
exceptional curves over a point Q € Y (the curves contracted by f to Q).
Then (3 a;E;)? <0 for (a1, ...,a,) # 0.

Proof. We work locally over Q € Y. Let C C X be a irreducible curve such
that CNE; # () (and C # E;) for all i. For example, we can take C' a general
hyperplane section of X. Choose g € Oy, such that f(C) C F := (g =0).
Then (f*g) = f*F = F' + > p;FE; where F’ denotes the strict transform of
F and p; > 0 for each i. Write D =Y u;E;. Then D-E; = —F' - E; <0
for all ¢ because D + F' = (f*g) ~ 0 and F’ contains C' (which intersects
each E;) by construction. Now the result follows from the algebraic lemma

below. ]
Lemma 7.6. Let M be a free abelian group spanned by elements ey, ..., e,
and

MxM—1Z, (a,b)—a-b
a symmetric bilinear form such that
e ¢c;-ej >0 foralli# j, and

e there exists a linear combination d = ) pje;, with p; > 0 for all j,
such that d - e; < 0 for all i.
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Then ey, ..., e, are linearly independent and m? < 0 for 0 #m € M.

Proof. Write a;; = e; - ¢j and let
¢:R"XR =R, ¢(x,y) =Y ajy;

be the symmetric bilinear form with matrix A = (a;;). We need to show
that ¢ is negative definite. The symmetric matrix A can be diagonalised by
an orthogonal matrix P. That is, there exists P such that PT AP is diagonal
and PTP = 1. Let \; < ... < )\, be the diagonal entries of PTAP (the
cigenvalues of A). Then, writing = Pa’, we have ¢(z,z) = 3 \z}* and
||2’|| = ||z||. We deduce that, for 0 # z € R", we have

¢z, z)

]2

< A,

with equality iff x is an eigenvector of A with eigenvalue A,.
Let 0 # = € R" be a vector such that ¢(x,z)/||z||? is maximal. Note that
replacing = (x1,...,2,) by (|z1],...,|z,|) does not decrease ¢(z,x)/|z|?.

Indeed

D agwiry <Y aijlwil|a]
because a;; = ¢;-e; > 0 for ¢ # j by assumption. So, we may assume z; > 0
for all i. For m € R” we have

d(m,z) = Z aimixj = Z(Z aijTi)m; = A Zﬂfz’mz (9)
2% J i

%

because Ax = A,z as noted above. Now set m = d, where d = (pu1, ..., i)
is as in the statement. Then ¢(d,x) < 0 because d-e; < 0 and z; > 0
for all 7, and > z;u; > 0, so A\, < 0 by (9). Thus ¢ is negative definite as
required. O

Corollary 7.7. Let f: X — Y be a birational morphism from a smooth
projective surface X to a normal projective surface Y. Let {E;} be the
exceptional curves. Then we have an exact sequence

0—ZE; - ClX — ClY — 0.
Proof. We have an exact sequence

BZE; — C1X — ClI(X \ UE;) — 0
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by the definition of the divisor class group (see [Hartshorne, p. 133, I1.6.5]).
Let f(UE;) ={Q1,...,Qs}, then f restricts to an isomorphism

X\UE,L;)Y\{QD,QS}

So
Cl(X \UE;) ~ Cl(Y \{Q1,...,Qs}) =~ CLY).

Finally, injectivity of the map ®ZF; — Cl X follows from the theorem. [J

7.4 Factorisation of birational morphisms

Lemma 7.8. Let f: X — Y be a birational morphism of smooth projective
surface. Let E; be the exceptional curves of f. Then

Kx = f"Ky + ZaiEi
where a; € 7 and a; > 0 for all i.

Proof. By Cor. 7.7 we have an exact sequence
0— @ZE; — ClX — ClY — 0.

So Kx = f*Ky + Y_ a;E; for some a; € Z. It remains to show that a; > 0
for each i. Let f(UE;) = {Q1,...,Qs}, so f restricts to an isomorphism

X\UElLY\{QIanS}v

and let w be a rational 2-form on Y which is regular and nonzero at each
Qj. Then

(m*w) = " (w) + Z a; F;
and the divisor 7*(w) is disjoint from the E; by construction, so a; is the
order of vanishing of 7*w along F;. In particular a; > 0 because 7*w is
regular near E;. We show a; > 0. Let f(E;) = Qj, let P € E; be a general
point, and choose local coordinates u,v at P € X and x,y at Q; € Y. Then
w = gdx N dy where g € Ox p and g(P) # 0. Now 7*w = 7*g - Jdu A dv
where

oz Oz
J — Bu 81;
9y Oy
ou  Ov

is the Jacobian of the map f with respect to these coordinates. But J(P) = 0
by the inverse function theorem (if J(P) # 0, then f is a local isomorphism
near P € X). Thus 7*w vanishes along E;, so a; > 0. O
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Corollary 7.9. Kx - E; <0 for some j.

Proof. We have Kx - (3 a;E;) = (3. a;E;)?> < 0 by Thm. 7.5 and a; > 0 for
all . So Kx - E; < 0 for some j. 0

7.5 Numerical characterisation of (—1)-curves

Lemma 7.10. Let X be a smooth projective surface and C C X an irre-
ducible curve (not necessarily smooth). Then

(KX+C) O = 2])@(0) —2

where p,(C) := h*(O¢) is the arithmetic genus of C. Let v: C¥ — C be the
normalisation of C. Then p,(C) > g(C") with equality iff C is smooth.

Proof. The exact sequence of sheaves
0—Ox(—C)—0Ox - Oc—0

gives
x(0x) = x(Ox(=C)) + x(Oc)
and

X(Ox(~C)) = X(Ox) + 5(~0) - (=€ ~ Kx)

by Riemann-Roch. Combining we deduce that x(Oc) = —3C - (C + Kx),
and rearranging gives 2p,(C) —2 = (Kx +C) - C.

To relate the arithmetic genus of C' to the genus of its normalisation C",
we consider the exact sequence of sheaves on C

0— Oc — viOcv — T — 0.

(If f: X — Y is a morphism and F is a sheaf on X then f,F is the sheaf
on Y defined by f,.F(U) = F(f~1U). If F is coherent and f is finite then
H(Y, f.F) = H(X,F). This follows because the Cech cohomology can be
computed using an affine open covering, and f~'U C X is affineif U C Y
is affine and f is finite.) The sheaf 7 := v,Ocv/O¢ is a direct sum of
skyscraper sheaves supported at the singular points of C. For example, if
P € C is a node then 7 has stalk & at P. The long exact sequence of
cohomology gives an exact sequence

0— H(T)— H'(O¢) — H"(Ocv) — 0.
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Here we used H°(O¢) = H°(Ocv) = k and H'(T) = 0 because 7 is a direct
sum of skyscraper sheaves. We deduce that

Pa(C) = 1 (Ocv) = h'(Oc) + h*(T) = h'(Oc) = g(O),
with equality iff 7 = 0 or, equivalently, C' = C” is smooth. O

Remark 7.11. If C is smooth then the equality (Kx + C) - C = 2¢(C) — 2
follows from the adjunction formula (Kx + C)|c = K¢. More generally, if
C is an irreducible curve, the dualising sheaf is a line bundle we on C' such
that wx(C)|c = we where wx = A?Qy is the canonical line bundle on X,
and degwe = 2p,(C) — 2. (If C is smooth then we = Q¢ is the canonical
line bundle.) This gives a more direct proof of the equality in the singular
case. See [Hartshorne, II1.7] for more details.

Corollary 7.12. Let f: X — Y be a birational morphism from a smooth
surface X to a normal surface Y. Suppose E C X is a curve contracted
by f such that Kx - E < 0. Then E is a (—1)-curve, that is, E ~ P! and
E?=—1.

Proof. We have Kx - E < 0 by assumption and E? < 0 by negativity of the
contracted locus. So

204(E) —2=Kx-E+ E*<0.

We deduce that p,(E) =0 and Kx - E = E? = —1. Now g(E") < p.(E) so
g(E¥)=0and E = E” ~ PL. O

7.6 Castelnuovo’s contractibility criterion

Theorem 7.13. Let X be a smooth projective surface and E C X a (—1)-
curve. Then there is a birational morphism w: X — Y to a smooth surface
Y such that 7 is the blowup of a point P €Y and E = n~'P.

Proof. The idea of the proof is to write down a line bundle on X whose
sections define the desired map 7: X — Y C PV. Let H be a hyperplane
section of X in some embedding. Assume that H'(Ox(H)) = 0. (This can
be achieved by replacing H by a sufficiently large multiple nH, by Serre
vanishing.) Let H - E = k, a positive integer. We define D = H + kE. Then

D-E=k+kE?>=0

and D-C > 0 for C C X acurve, C # E. (So, D looks like the pullback of a
hyperplane section under a map 7 which contracts £ but does not contract
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any other curves.) We show that the global sections of Ox (D) define a
morphism 7 as in the statement.

We first describe the global sections of Ox (D) explicitly. Let {sg,..., S}
be a basis of HY(Ox(H)). Note that H°(Ox (F)) is 1-dimensional. (Equiva-
lently, if D ~ E and D > 0 then D = E. To see this, note that D-E = E? <
0, so D contains E. Then D — E is effective and D — F ~ 0, so D = E.)
Let 0 # s € H°(Ox(E)) be a nonzero section, then £ = (s = 0) C X.
Tensoring the exact sequence

0—0Ox(—E)— Ox -0 —0
with Ox(H 4+ iE), 0 < i < k, we obtain the exact sequence
0— Ox(H+(i—1)E) - Ox(H +iE) — Op(k —i) — 0.

Here since E ~ P! we write Op(d) for the unique line bundle on E ~ P! of
degree d, and we have Ox (H+iE)|g = Og(d) where d = (H+iE)-E = k—i.
Now HY(Og(k —i)) = 0 because k —i > 0. So the long exact sequence of
cohomology gives

0— H°(Ox(H + (i —1)E)) — H*(Ox(H + iE)) — H*(Og(k — 1))
— HY (Ox(H + (i —1)E)) — H{(Ox(H +iE)) — 0.
Recall that H'(Ox(H)) = 0 by assumption. It follows by induction that
H(Ox(H +iE)) =0 for 0 <i < k. So the sequence
0— H°(Ox(H + (i — 1)E) — HY(Ox(H +iE)) — H(Op(k —14)) — 0
is exact for 1 <4 < k. We have
H°(Op(d)) = H(Opi (d)) = (X3, Xg ' X1, .., X{)e
Let a;p,...,a;,5—; € H'(Ox(H +iE)) be a lift of a basis of H*(Og(k — 7))
for each 1 <4 < k. Then H°(Ox(H + kE)) has basis

skso, R sksn, sk_lal,o, e ,sk_laLk_l, e 8Ak 1,05 SAK—1,15 Ok,0-

Now let 7: X --» Y C PV be the rational map defined by H°(Ox(D)).
Then the restriction of 7 to X'\ E is an isomorphism onto its image. Indeed, s
is nonzero on X \ E and s, .. ., s, define an embedding of X by assumption,
so sFsq, ..., s*s, define an embedding on X\E. Second, 7 is a morphism. To

see this, note that ay, o is nonzero along F, and we already observed that 7 is
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defined on X \ E. Third, 7 contracts E to the point P=(0:---:0:1) € Y.
(Note: we do not know yet that P € Y is a smooth point.)

Let V = (Xy # 0) C Y, an open neighbourhood of P € Y, and U =
7V = (ago # 0) C X the corresponding neighbourhood of E C X. Let
X = ap-10/ak0,Y = ag—11/arp € I'(U,Ox(—FE)) and z = sX,y = sY €
I'(U,Ox). Then z,y, X, Y define a morphism

U— A%, xPxy
which factors through
BlpA7 , = (Y —yX =0) C AZ , X Ply.y.
This gives a commutative diagram

(EcU) —— (F CBlpA?)

I |

(PcV) —— (0€A?)

where I C BlyA? is the exceptional curve. Assume for simplicity that
k = C. We claim that f: (E C U) — (F C BlgA?) restricts to an isomor-
phism over a neighbourhood of F in the Euclidean topology. Indeed, we
observe that the map E — F' is an isomorphism, and the derivative df is an
isomorphism at each point () € F, so f is an isomorphism near E by the
inverse function theorem. It follows that g: (P € V') — (0 € A?) restricts to
an isomorphism over B* = B\ {P} for some Euclidean neighbourhood B of
P c V. But 0 € A? is normal, so the restriction to B is also an isomorphism.
We conclude that P € Y is smooth and 7: X — Y is the blowup of P € Y.
This completes the proof. O

7.7 Decomposition of birational maps

Theorem 7.14. Let f: X --» Y be a birational map between smooth sur-
faces X and Y. Then there exists a commutative diagram

Z
A
x---1_ -y

where p and q are compositions of sequences of blowups.
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Proof. We just need to put our previous results together. By elimination
of indeterminacy for rational maps of surfaces, there exists a sequence of
blowups p: Z — X such that the induced rational map

q=fop:Z--»Y

is a morphism. Now consider ¢: Z — Y. There exists a curve E C Z such
that E is contracted by ¢ and Kz-E < 0. So E is a (—1)-curve by Cor. 7.12.
By Castelnuovo’s contractibility criterion, there exists a morphism 7: Z —
Z' to a smooth surface Z’ such that 7 is the blowup of a point P € Z’
and E = 7~ 'P. Now ¢: Z — Y factors through Z’, that is, ¢ = ¢’ o7
where ¢': Z' — Y. Indeed, we certainly have a continuous map ¢’: 2’ — Y
of topological spaces such that ¢ = ¢’ o 7, we just need to show that this
a morphism, that is, regular functions pull back to regular functions. Let
f € Oy(U). Then ¢*f € Oz(q~'U), and 7 restricts to an isomorphism

Z\E = 7'\ {P}.

So ¢*f € Op(¢ U — {P}). But Z' is normal, so ¢*f € Oz (¢ 'U)
as required. It follows by induction that ¢ is the composition of a se-
quence of blowups. (Note that the process must stop, since tk H?(Z',Z) =
vk H?(Z,7) — 1, and tk H?(Z,7Z) < oc.) This completes the proof. O

Ezxample 7.15. Let X C P3 be a smooth quadric surface. There is only one
such surface up to automorphisms of P? — it is the image

(XT = YZ) - P?X:Y:Z:T)
of the Segre embedding
P! x Pl cP3, ((Xo:X1),(Yo:Y1))— (XoYo: XoY:: X1Y): X1Y7).

The fibres of the two projections pry, pry: P! x P! — P! give two families of
lines in P3 which cover the surface X, with distinct lines in a given family
being disjoint and lines from different families intersecting transversely in
one point.

Let P € X be a point and consider the rational map P3 --» P? given
by projection from P. In coordinates, if P = (0 :0: 0 : 1) € P? then the
projection is given by

P3 -5 P2 (Xo: X1: Xo: X3) — (Xo: X1 : Xo).

The induced rational map f: X --» P? is birational. To see this, note that
the preimage of a point Q € P? is LN X \ { P}, where L is the corresponding
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line in P3 through the point P. This will be a single point unless L is
contained in X, so f is birational. The rational map f is not defined at
P € X: if P’ approaches P along a smooth curve C C X then f(P’)
approaches the point @ corresponding to the tangent line TpC C P3? to
C at P. However, if 7: X — X is the blowup of P, then the composite
f'' = fom: X --» P? is a morphism. (The same is true whenever we
project from a point on a smooth surface.) Let L1, Ls be the two lines on X
passing through P. Then the strict transforms L}, L), ¢ X are contracted
by f', and f': X — P2 is the birational morphism given by blowing up two
distinct points on P?, with exceptional curves Ly, L.

One can picture this decomposition as follows. The curves (Xo = 0), (Y =
0),(X1 = 0),(Y1 = 0) form a cycle of 4 smooth rational curves on X =
P! x P! of self-intersection zero. (Note that, if X is a smooth projec-
tive surface, p: X — (' is a morphism to a curve, and F' is a fibre, then
F? = 0. Indeed, the associated 2-cycle F is homologous to any other fi-
bre F', that is [F] = [F'] € Ho(X,Z). So F? = F-F' = 0.) Let P be
the intersection point (Xo = 0) N (Yo = 0). Then, in the above notation,
L1, Ly = (X9 = 0), (Yo = 0). In general, if X is a smooth surface, 7: X — X
is the blowup of a point P € X, (' is a smooth curve through P € X, and
C' C X is the strict transform of C, then ¢/ = 7*C — F and so C'2 = C? —1.
Thus L}? = L)? = —1. Now we contract the two disjoint curves L/, L, and
the remaining curves (the exceptional curve E of 7 and the inverse images
of the curves (X; = 0),(Y1 = 0)) map to a set of coordinate hyperplanes on
P2. Note that you can check that the images have self-intersection 1 using
the formula C"? = C? — 1 given above.

Ezample 7.16. The Cremona transformation is the birational map
P2 - P2 (Xo: X1: X)) (Xoh: X7 Xh).

It can be decomposed into blowups as follows. Consider the set of coordinate
hyperplanes (X; = 0), i = 0,1,2, in P2. Let 7: X — P2 be the blowup of the
3 intersection points. The strict transforms of the coordinate hyperplanes
are (—1)-curves, so can be blown down. We obtain another copy of P?,
with the images of the exceptional curves of 7 giving a set of coordinate
hyperplanes.

Remark 7.17. A theorem of Castelnuovo—Noether asserts that any birational
map P? --» P? can be decomposed into a sequence of Cremona transforma-
tions and automorphisms of P? (recall AutP? = PGL(3)). Algebraically,
this theorem gives a set of generators for the group Aut k(x1,x2) of auto-
morphisms of the field of rational functions in 2 variables.
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Example 7.18. A ruled surface is a smooth projective surface X together
with a morphism f: X — C to a smooth curve C such that every fibre of
F is isomorphic to P'. (Warning: some authors define a ruled surface as a
surface which is birational to a surface of this form.) As observed earlier,
in this situation F2 = 0. Let P € F C X be a point and 7: X — X the
blowup of P € X. Then the strict transform of F' is a (—1)-curve so can
be blown down to obtain another ruled surface f’: X’ — C. The birational
map g: X --» X' is called an elementary transformation of ruled surfaces.

Remark 7.19. If f: X — C and f’: X' — C’ are ruled surfaces and g: X --»
X' is a birational map then C' ~ C’. If in addition C is not isomorphic to
P! then there is a commutative diagram

X-2-x
.
C——=C

and g can be decomposed into a sequence of elementary transformations.

8 The Kodaira vanishing theorem

If X is a smooth projective variety and L is a line bundle on X then the
Riemann—Roch formula expresses x(X, L) in terms of topological data as-
sociated to X and L. This means that (X, £) is usually easy to compute.
However, we are typically interested in h°(X, £), the dimension of the space
of global sections of £, and

X(X, L) = Y (=1)'R(L) = hO(L) = h' (L) + -+ + (=1)"h"(L)

where n = dim X. So it is very useful to know conditions on £ which
imply h*(L) = 0 for all i > 0, since then h%(X, L) = x(X, £). The Kodaira
vanishing theorem is the most important result of this type.

Theorem 8.1. (Kodaira vanishing) Let X be a smooth projective vari-
ety over k = C of dimension n and D an ample divisor on X (that is,
mD is a hyperplane section of X in some embedding for some m > 0.)
Then HY(X,Ox(Kx + D)) = 0 for i > 0. Equivalently, by Serre duality,
HY(X,0x(=D)) =0 fori<n.

Remark 8.2. If X is a smooth projective variety over an algebraically closed
field k of characteristic p > 0 then the analogous statement is false in general.
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The usual proof of this result uses an identification of cohomology classes
in H'(X,Ox(Kx + D)) with harmonic forms on X of type (n, i) with values
in £ = 0Ox(D). See [GH, p. 154].

Alternatively, one can prove the result by considering a cyclic covering
Y — X of order N > 0 defined by £ and a section s € I'(X, £V), and using
the following results:

(1) H(X,O0x(Kx +mD)) =0 for m > 0 (by Serre vanishing).

(2) The inclusion C C Oyan of the constant sheaf with stalk C in the
sheaf of holomorphic functions on the complex manifold Y?" induces
a surjection

H'(Y,C) — H'(Y,Oy).

(This map is given by projection onto the factor H** of the Hodge
decomposition.)

See [KM, p. 62, Thm. 2.47] for details.

9 Characterisation of the projective plane

Recall that we say a divisor D is ample if mD is linearly equivalent to a hy-
perplane section H in some embedding, for some m > 0. Also p(X) denotes
the rank of the group Num X of divisors modulo numerical equivalence.

Theorem 9.1. Let X be a smooth projective surface over k = C and suppose
p(X) =1 and —Kx is ample. Then X is isomorphic to P2

Remark 9.2. If p(X) = 1 then Num(X) ~ Z so either Kx is ample, —Kx is
ample, or Kx is numerically equivalent to 0. Indeed, since X is projective,
we can pick an ample generator H of Num(X) and write Kx = mH, then
the 3 cases correspond to m > 0, m < 0, and m = 0. (Note that if H is
ample and D is numerically equivalent to H, then D is ample. This follows
for example from the Nakai-Moishezon criterion for ampleness [Hartshorne,
V.1.10, p.365], [KM, 1.37, p. 31] or Kodaira’s metric characterisation of
ampleness [GH, Prop., p.148, Thm., p. 181]).

Proof of Thm. 9.1. By the Kodaira vanishing theorem applied to D = —Kx,
we have H!(Ox) = H?(Ox) = 0. The exponential sequence

0—)Z—)OXan—)O;<(an—>0

49



gives the exact sequence
0— HY(X,Z) - H(Ox) — PicX — H}(X,Z) — H*(Ox) — ---

Thus HY(X,Z) = 0 and ¢;: PicX — H?(X,Z) is an isomorphism. So
H?(X,7)/ Tors = Num X = Z because p(X) = 1 by assumption. We have
H3(X,Z)/ Tors = H(X,Z)* = 0 by Poincaré duality, so the Euler number

e(X) =) (-1)'dimg H'(X,R) =1-0+1-0+1=3.

So Noether’s formula
1

(% +e(X)

x(Ox) =
gives K% = 9. The pairing on Num X = H?(X,Z)/ Tors is unimodular by
Poincaré duality. So, if H is an ample generator of Num X then H? = 1,
and Kx = —3H (because K% = 9 and —Kx is ample).

We want to show that the global sections of the line bundle Ox (H) define
an isomorphism X — P2. (Under this isomorphism, H will correspond to
a hyperplane in P2.) We first compute the dimension of the space of global
sections of Ox (H). By Riemann—Roch,

V(O (H)) = v(Ox) + %H CH—Kx) =14 %H AH =3,

If we write H = Kx+D, then D = H—Kx = 4H is ample, so H'(Ox (H)) =
0 for i > 0 by Kodaira vanishing. Thus h°(Ox(H)) = 3. In particular, we
may assume H is an effective divisor.

Let ¢: X --» P? be the rational map defined by the global sections
of Ox(H). We show that Ox(H) is generated by global sections (that is,
for every point P € X, there exists a section s € HY(Ox(H)) such that
s(P) # 0), so ¢ is a morphism. Equivalently, the linear system |H| is
basepoint free. We consider the exact sequence

0—-0x —-0Ox(H)— Ox(H)|lg — 0

Since H'(Ox) = 0 the restriction map H°(Ox(H)) — H*(Ox(H)|g) is
surjective. So, it is enough to show that Ox(H )|y is generated by global
sections. Now, H is irreducible (because it is a generator of Num(X)) and

Wpa(H)—2=(Kx +H)-H=—2H-H= -2
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0 pa(H) = 0 and H ~ P!, The line bundle Ox (H)|y has degree H? = 1,
so corresponds to the line bundle Op1(1) on P!, In particular, Ox (H)|y is
generated by global sections.

The divisor H C X is the pullback of a hyperplane L C P? under the
morphism ¢: X — P2, and H? = 1. It follows that the inverse image of a
general point P = L1 N Ly € P? is a single point H; N Hy € X. Thus ¢ is
a birational morphism. But ¢ is a finite morphism because H is ample (if
C C X is a curve then H - C > 0, so C is not contracted by ¢). So ¢ is an
isomorphism. O

10 Ruled surfaces

A ruled surface f: X — C is a P-bundle over a curve C for the Zariski
topology. That is, there exists a Zariski open covering U = {U;} of C' and
isomorphisms

Ui = U; x P!
U;

Theorem 10.1. Let X be a smooth projective surface over k = C and
f: X — C a morphism to a smooth curve C' with connected fibres. Suppose
Kx-F <0 for F a fibre and p(X) = 2. Then f: X — C is a ruled surface.

Proof. Let P € C be a point and let F1,..., E, be the irreducible compo-
nents of f~!P. By the fibre F over P € C we mean the divisor with support
f~1P defined as follows. Let t be a local parameter at P € C, then, working
locally over P € C,

Here m; = vg,(f*t) is the multiplicity of the component E; of the fibre F.
Note that a general fibre is irreducible and smooth, and has multiplicity 1.

If F is an irreducible fibre of multiplicity 1, then F ~ P'. Indeed,
Kx - F < 0 by assumption and F? = 0, so

2Wa(F)—2=(Kx +F)-F <0.

Thus pu(F) = 0, Kx - F = —2, and F ~ P!. Note also that there are no
irreducible fibres of multiplicity greater than one. Indeed, suppose F = mE
with E irreducible, m > 1. Then as above we find Kx - £ = —2. But
Kx-(mE)=Kx-F=-2som=1.
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We show that there are no reducible fibres. We use Lem. 10.3 below.
Let FF = > m;F; be a fibre and H a horizontal curve on X (that is, an
irreducible curve which is not contained in a fibre). Then H, Ey, ..., E, are
linearly independent in Num(X). Indeed, suppose D = aH + ) a;FE; = 0.
We have E; - F = 0 for all ¢ (because F is numerically equivalent to any
other fibre F’, and FNF' = () and H-F > 0. So, D-F = 0 gives a = 0.
Now D = ) a;E;, and since D? = 0 we have D = AF for some A € Q by
Lem. 10.3. Finally D - H = 0 gives A = 0, so a; = 0 for all ¢ as required.
In our situation p(X) := rkNum(X) = 2 by assumption. We deduce that
r = 1, that is, F' is irreducible.

Let P € C be a point and F' the fibre of f over P. (So by our previous
results F' ~ P! is a smooth rational curve of multiplicity 1.) We show
that there exists a Euclidean neighbourhood P € U C C?" of P and an
isomorphism

~

f~lu U x P!

N

U

An isomorphism as in the diagram is given by (f,g): f~'U — U x P!
where g: f~'U — P! is a morphism which restricts to an isomorphism
F = P!, (Given such a morphism g, (f,g) is an isomorphism over some
smaller neighbourhood P € U’ C U by the inverse function theorem.) The
morphism g corresponds to a line bundle £ = ¢g*Op1 (1) on f~'U and sections
s0,81 € D(f71U, L), s; = g* X, such that L|r = Op(1) and so|F, s1|r form a
basis of I'(F, Op(1)). So, we need to show that (1) we can lift the line bundle
Or(1) on F to a line bundle £ on a tubular neighbourhood Y := f~1U of
the fibre F'in X, and (2) we can lift the global sections of Or (1) to sections
of £ over Y. We will give two proofs of these facts. The first uses the
behaviour of cohomology under restriction to a fibre [Hartshorne, I11.12.11],
and is more widely applicable. The second is more elementary.

From the exponential sequences on Y = f~'U and F, we obtain a com-
mutative diagram

¢ — Hl(Oy) —— PicY —— H2(Y,Z) - HQ(OY) ..

| ! | |

- —— HY(Op) —— PicF —— H?*(F,Z) —— H*(Op) —— ---

The fibre F ~ P! so H'(Or) = H*(OF) = 0, and PicF = H*(F,Z) = Z.
The space Y is a tubular neighbourhood of F', so the inclusion FF C Y
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is a homotopy equivalence and the restriction map H%(Y,Z) — H?(F,Z)
is an isomorphism. Finally, since H'(Op) = 0 for i > 0, it follows that
H(Oy) = 0 for i > 0 (shrinking U if necessary) by [Hartshorne, I11.12.11].
So the restriction map PicY — Pic F is an isomorphism. In particular,
there exists a (unique) line bundle £ on Y such that L|r = Op(1). Now we
lift sections. Consider the exact sequence

0—-LROy(-F)— L— L|r—0.

Note that the ideal Oy (—F') of F in Y is generated by a local parameter ¢
at P € C (shrinking U if necessary), in particular Oy (—F) ~ Oy. We can
thus rewrite the exact sequence as

0—-L—->L—Llp—0

where the first arrow is given by multiplication by ¢. Now consider the
associated long exact sequence of cohomology

.. — HYY, L) — HY(F, L|r) — H(Y,L) — -

Since H'(F,L|r) = HY(F,Op(1)) = 0, it follows that H'(Y,£) = 0 by
[Hartshorne, I11.12.11] again. Thus the restriction map

HO(Y, L) — H°(F,L|p) = H(F,Or(1))

is surjective. So, we can lift a basis of H(F, Or(1)) to sections sq, s; of the
line bundle £ over Y as required.

We give a more elementary proof of the two facts needed to show that
the fibration f: X — C is locally trivial in the Euclidean topology, given
that each fibre is a smooth rational curve of multiplicity one. Let P € C
be a point and F ~ P! the fibre over P. We first show that there exists
a line bundle £ on X such that L|p ~ Op(1). We have Kx - F' < 0 and
F? =0, so Kx is not linearly equivalent to an effective divisor (because if
D is an effective divisor, C is an irreducible curve, and D - C < 0, then C
is contained in the support of D and C? < 0). Equivalently, h°(Kx) = 0.
Thus H%(X,C) = HY!, and so Num X = H?(X,Z)/ Tors. Now, by Poincaré
duality, the intersection product gives an isomorphism Num X ~ (Num X)*.
The image of the map

f: NumX —-Z, Dw—D-F

is a subgroup dZ C Z, some d € N. Then é@ € (Num X)* corresponds to
some G € Num X, that is, D - F = d(D - G) for all D. Thus F = dG. Now

93



Kx-F=-2,s0d=1or 2. Also, for X a smooth projective surface and D
a divisor on X, D?> — D - Kx is even. Indeed,

D?* - D-Kx =2(x(0x(D)) — x(Ox))

by the Riemann—Roch formula. We deduce that d = 1, that is, there exists
a divisor H such that H - F' = 1. Let £L = Ox(H + rF) for some r € Z,
then L|p ~ Op(1). We next show that, for » > 0, the map I'(X, L) —
I'(F,Or (1)) on global sections is surjective. Consider the exact sequence of
sheaves on X

0—Ox(H+(r—1)F)— Ox(H+7rF)— Op(1) =0
and the associated long exact sequence of cohomology

HY(Ox(H +rF)) — H°Op(1)) —

H(Ox(H+ (r—1)F)) — HOx(H+rF)) — 0 (10)

(here we used H'(Op(1)) = 0). Now, the space H'(Ox(H)) is finite dimen-
sional, and the map

6,: HY(Ox(H + (r — 1)F)) — HY(Ox(H +rF))

is surjective for each r by the exact sequence (10). Hence 6, is an isomor-
phism for 7 > 0. So the restriction map H°(Ox(H +7F)) — H°(Or(1)) is
surjective for 7 > 0 by (10).

Finally, we show that the fibration f: X — C is locally trivial in the
Zariski topology. Recall that X is a P!-bundle over C for the Euclidean
topology. We show that X — C is the projectivisation of a rank 2 (analytic)
vector bundle F on C*'. Then by GAGA, F is actually an algebraic vector
bundle on C. It follows that f: X — C is a P'-bundle for the Zariski
topology. We have an exact sequence of sheaves of (non-abelian) groups on
C?" (we omit the superscript “an” in what follows)

0 — OFf — GL2(O¢) — PGL2(O¢) — 0.

Note that this is a central extension of sheaves of groups: that is, the kernel
is abelian and contained in the centre of the second term. In this situation,
we obtain a long exact sequence of cohomology

- — HY(OF) — H'(GLy(O¢)) — H'(PGLy(O¢)) — H*(OF).  (11)

This sequence does not continue further to the right (it is not possible to
make sense of Cech cohomology H? of a sheaf of nonabelian groups for i > 2).
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The set H'(GLa(O¢)) is the set of isomorphism classes of rank 2 vector
bundles over C. This is analogous to the identification PicC' ~ H'(Of).
Explicitly, if F is a rank r vector bundle over a complex manifold X, let
U = {U;} be an open covering of X and

¢i: E‘Ui AN Ui x C"
local trivialisations. Then
pjod; Uy x C" "5 Uiy x C) (z,0) v (2, g4j(2) - v),

where g;; € I'(U;j, GL,(Ox)) are the transition functions. The g;; satisfy
the cocycle condition g;xgi; = gir, equivalently, gjkgijgi_kl = 1 (note that
the order of the factors is important here for » > 1). If we change the
trivialisations ¢; by multiplication by f; € I'(U;, GL,(Ox)), then the new
transition functions are given by ggj = fj9ij f[l. The Cech cohomology set
H'(U,GL,(Ox)) with respect to the open covering U is by definition the set
of tuples (g;;) € @T'(Uij, GL,(Ox)) satisfying gjrgi;9;; = 1, modulo the
equivalence relation (g;;) ~ (fjgi; f; 1) for all (fi) € @T(U;, GL.(Ox)). The
Cech cohomology set H'(X, GL,(Ox)) is obtained by taking the direct limit
lim H LU, GL.(Ox)) over all open coverings U as usual. By the previous
discussion, this set is identified with the set of isomorphism classes of rank
r vector bundles over X. Returning to our example, a similar analysis
shows that the set H!(PGL2(O¢)) is the set of isomorphism classes of P!-
bundles over C' (because Aut Pt = PGL(C)). The map H'(GL2(O¢)) —
HY(PGL2(O¢)) sends a vector bundle to its projectivisation. We claim that
this map is surjective. Equivalently, by the exact sequence (11), H 2((Dé) =
0. The exponential sequence on C

0—-2Z— Oc — Oé — 0
yields the long exact sequence of cohomology
= HY(Oc) = HA(OF) — HY(C,2) — -+

Now H?(O¢) = 0 because O¢ is coherent and dimcC = 1 < 2, and
H3(C,Z) = 0, so H*(O}) = 0 as required. Thus the P'-bundle f: X — C
is the projectivisation of a rank 2 vector bundle over C'. This completes the
proof. O

Remark 10.2. We can make the last step of the proof more explicit as
follows. Let U = {U;} be an open covering of C' by small discs and let
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hi; € PGL2(Ox(U;;)) be transition functions for the P*-bundle f: X — C
with respect to this covering. Lift h;; to gi; € GL2(Oc(Usj)) . Then
gjkgijgi_kl = ajji, € OF(Usji) (because hjkh,;jhi_kl = 1 in PGL2(Oc(Uijr)))-
One checks that o = (%) is a Cech 2-cocycle for OF. Since H*(Of) = 0
we can write a = df3, that is, a;;, = ﬁjkﬁijﬁﬁgl. Now define ggj = Gij i;l,
then g;; is a lift of h;; and g;kgz’-jggkfl = 1. Thus the g;; define a vector
bundle E over C such that the projectivisation of E is isomorphic to the

Pl-bundle f: X — C.

The proof of the following lemma is similar to the proof of negativity of
the contracted locus for a birational morphism.

Lemma 10.3. [Shafarevich, p. 270, Thm. 4] Let X be a smooth projective
surface and f: X — C a morphism to a smooth curve C' with connected
fibres. Let F =% ., m;E; be a fibre of f, and D = %" a;E;, a; € Z. Then
D? <0, with equality iff D = A\F for some \ € Q.

10.1 Invariants of ruled surfaces

Let f: X — C be a ruled surface (a P!-bundle over a curve C).

We first observe that the map f.: 71(X) — m(C) is an isomorphism. In
general, if p: E — B is a (topological) fibre bundle with fibre F', then there
is a homotopy long exact sequence

= m(F) - m(F) - m(B) = m(F) — -

(recall that mo(X) is the set of connected components of X). See [Hatcher,
p. 376, Thm. 4.41]. For example, given a loop «y in B based at a point b € B,
we can lift it to a path in E, whose end points lie in the fibre F = p~1b.
Then if F' is connected we can join the end points by a path in F' to obtain a
loop 4 in E such that p,5 = 7. This shows that 71 (E) — m1(B) is surjective
if mo(F') is trivial. In our situation, the map f: X — C'is a fibre bundle with
fibre F' ~ P!, In particular, F is connected and m1(F) = 0. So f.: m(X) —
m1(C) is an isomorphism as claimed. Passing to abelianisations, we deduce
that f.: H1(X,Z) — H;(C,Z) is an isomorphism.
We show that the pullback map on 1-forms

f:T(Qe) = T'(2x)

is an isomorphism. We give two proofs. The first proof uses analytic meth-
ods. Let n € I'(Q2x) be a global 1-form on X. Then the restriction n|z of n
to a fibre F equals zero, because F' ~ P! and I'(Qp1) = 0. Now let P € C
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be a point and V' C C*" a small disc about P. Let F = f~'P be the fibre
over P and U = f~'V the tubular neighbourhood of F over V. Then U is
homotopy equivalent to F', so H;(U,Z) = 0. Also the 1-form 7 is closed by
Prop. 10.4 below. So we can define a holomorphic function g: U — C such

that dg = n|y by
P
oP)= [
Py

where Py € F is a fixed basepoint and the notation |[ 1132 means the integral
over some path from Py to P in U. (The choice of path ~ is irrelevant.
Indeed if v, +' are two such paths then v — ' = 98 for some 2-cycle 3
because H;(U,Z) = 0. So

o= o= o
v v ap B

using dn = 0.) Now g is constant along fibres because (as noted above)
nle¢ = 0 for any fibre G. So g = f*h is the pullback of a holomorphic
function h on V' C C, and 5|y = dg = f*dh is the pullback of a holomorphic
1-form w = dh on V. Now, since w is uniquely determined by 7, these local
1-forms patch to give a global 1-form w on C such that n = f*w, as required.
The second proof is algebraic. In general, suppose given smooth varieties X,
Y, and a submersion (or smooth morphism) f: X — Y, that is, a morphism
such that the derivative

dfp: Tx,p — Ty p)

of f at P is surjective for all P € X. (Here T'x p denotes the tangent space
to X at P, or, equivalently, the fibre of the tangent bundle T’x over P € X.)
Then we have an exact sequence of vector bundles on X

0—Tx)y —=Tx — fTy — 0

where the map T'x — f*Ty is the derivative of f and the kernel Tx/y is
the bundle of tangent vectors on X which are parallel to the fibres of f.
Dualising we obtain an exact sequence

0— f*Qy — Qx — Qx/y — 0,
and so an exact sequence of k-vector spaces

0—=TD(f"Q) ->T(Qx) — F(Qx/y)
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Note that Qx/y|r = Qr for I a fibre. So, in our example f: X — C,
we find T'(Q2x,c) = 0 because I'(2r) = 0 (cf. the first proof). Thus
I'(f*Q¢c) — I'(Qx) is an isomorphism. Now I'(f*Q¢) = I'(f.f*Q¢) by the
definition of f, for sheaves, f.f*Qc = Qc ® f.Ox by the projection formula
[Hartshorne, p. 124, Ex. I1.5.1(d)], and f.Ox = O¢ by Stein factorisation
[Hartshorne, p. 280, III1.11.5]. So I'(f*Q¢) =T'(Q¢) and I'(2¢) — T'(Nx) is

an isomorphism as required.

Proposition 10.4. Let X be a smooth complex projective variety (or, more
generally, a compact Kdhler manifold). Then a holomorphic k-form n on X
1s closed. Moreover, the map

s the natural inclusion
HO(O%) = HFO ¢ HE (X, Q).

Proof. This follows from the description of the Hodge decomposition in
terms of harmonic forms. See [CMSP, p. 95, Prop. 3.1.1]. O

Remark 10.5. Note that it is essential that X is compact. For example, the

holomorphic 1-form z1dz2 on ((:21722 is not closed.

In general, if f: X — B is a (topological) fibre bundle with fibre F', then
e(X) =e(B)e(F)

where as usual e(X) denotes the Euler number. (Proof: By decomposing
B into pieces and using the Mayer—Vietoris sequence we can assume that
f is a trivial bundle, so X ~ B x F. Recall that the Euler number can be
computed from a cellular subdivision of X as e(X) = >_(—1)*N; where N;
is the number of cells of dimension 7. Now taking triangulations of B and F'
we obtain a cellular subdivision of X = B x F with cells ¢ x 7 where ¢ and
7 are simplices in the triangulations of B and F' respectively. We deduce
that e(X) = e(B)e(F').) In our example f: X — C we obtain

e(X) =e(C)e(F) = (2—-29)(2) =4 -4y (12)

where g = ¢(C) is the genus of C. Now we can compute all the Betti
numbers b;(X) = dimg H(X,R). Recall that Hy(X,Z) — H;(C,Z) is an
isomorphism, so b1(X) = b1(C) = 2g. Also, we always have by = 1, and
b; = by_; by Poincaré duality. So

e(X) =) (~1)'b; =220y +by=2—4g+ by
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and combining with (12) we obtain by = 2. We also note that the inte-
gral homology and cohomology of X has no torsion. Indeed, Hi(X,Z) ~
Hy(C,Z) ~ Z* is torsion free, and it follows that H;(X,Z) and H'(X,Z)
are torsion free for each 7 by the universal coefficient theorem and Poincaré
duality.

As noted earlier, since Kx - F < 0 and F? = 0, we have h%(Kx) =
0. (More generally, h®(nKx) = 0 for all n > 0.) In particular, H?>? =
hO(Kx) =0, so H*(X,C) = H"! and

Num X = HY' 0 H*(X,7Z)/ Tors = H*(X, 7).

Thus Num X ~ Z2, that is, p(X) = 2. We describe a basis of Num X. We
observe that, since f: X — C' is a P!-bundle for the Zariski topology on C,
there exists a section S of f. (Strictly speaking a section of f: X — C'is a
morphism s: C — X such that f o s =id¢o. Here we identify a section with
its image S = s(C) C X.) Indeed, let U C C be a Zariski open subset of
C such that the restriction X|y is a trivial P!-bundle, that is, there is an
isomorphism
¢: X|lg = U x P

over U. Now let Sy be a section of X |y (for example, Sy = ¢~ (U x {P})
for some fixed P € P!), and define S = Syy C X, the closure of Sy in X.
Then S is a section of f. Let F' be a fibre of f. We claim that S, F' is a basis
of Num X. Indeed, it suffices to observe that the determinant of the matrix

s S F\ (171
S-F F* ) \10
equals —1.

Remark 10.6. Note that S? mod 2 is a topological invariant of F. Indeed,
S? is even iff the intersection form on Num X = H?(X,Z) is even, that is,
22 is even for all z € H*(X,Z).

For example, the (holomorphic or algebraic) classification of ruled sur-
faces f: X — C over C' = P! can be described as follows. For each n there
exists a ruled surface F,, — P! with a section S C F,, such that S? = —n. If
n > 0 then the section S is the unique section with negative self-intersection.
(If n = 0 then f: Fy — P! is given by pry: P! x P! — P!, any fibre S of the
other projection pry: P! x P! — P! is a section of f with S? = 0, and any
other section has strictly positive self-intersection.) Every ruled surface over
P! is isomorphic to [F,, for some n. Now we describe the topological clas-
sification: The ruled surfaces F,,, F,, are homeomorphic iff n = m mod 2.
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In fact, if n = m mod 2, and n > m, there is a family X — A of smooth
surfaces over the disc A = (|t| < 1) C C such that &} ~ F,, for ¢t # 0 and
XO >~ Fn

11 Complex tori

Let V be a complex vector space of dimension n. Let L C V be a lattice,
that is, L ~ Z?" is a free abelian group of rank 2n and the map

L®zR — W

is an isomorphism of R-vector spaces. (Here we write Vg for V regarded as
an R-vector space.) Then we say X := V/L is a complex torus. The space
X is a compact complex manifold, and the underlying smooth manifold Xg
is diffeomorphic to the real torus (S')?" of dimension 2n. (Proof: picking
a basis of L gives an identification Xg = Vg/L = (R/Z)?" = (S')*.) A
complex torus X = V/L is a complex Lie group, with group law induced by
addition in V.

We say a complex torus X is an abelian variety if it is projective, that
is, admits an embedding in projective space. This is not always the case for
n > 1.

The following lemma reduces the study of morphisms of complex tori to
linear algebra.

Lemma 11.1. Let X = V/L, X' = V'/L' be complex tori, and f: X — X'
a morphism. Then [ is induced by an affine linear function f: V — V' such
that f(L) C L'.

Proof. The map f: X — X' lifts to a map f: V — V’ because V is simply
connected and V' — X' is a covering space. Pick coordinates w;, z; on V”,

V, and consider the derivative df = (2£) of f in these coordinates. Each

0z;
matrix entry gg; is a holomorphic function on V which is periodic with

respect to L. In particular it is bounded, and therefore constant (Liouville’s
theorem). So df is a constant matrix. It follows that f is affine linear (that
is, of the form f(z) = Az +b), as required. O

Let X = V/L be a complex torus. Then the quotient map V. — X
is the universal cover of X, with group 71(X) = L ~ Z?". In particular
Hy(X,Z) = L ~ Z*". More generally, H.(X,Z) = AL ~ 7Z>*. We sketch
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two proofs of this fact. Write m = 2n, so X ~ (S1)™. If X and Y are two
topological spaces, then the Kiinneth formula asserts that

Hy(X xY,Q) = @ Hi(X,Q) @ H;(Y,Q)
i+j=Fk

for each k. Moreover, if H;(X,Z) and H;(Y,Z) are torsion free for all 4, j,
then the equality holds with Z-coefficients. Using this inductively we can
compute Hy((SY)™,Z). Alternatively, we can use an explicit cell decom-
position of (S')™ as follows. Consider the standard cell decomposition of
S' given by one 1-cell and one 0-cell, where the two ends of the 1-cell (an
interval) are identified with the 0-cell to form S!. We take the product de-
composition of (S1)™ given by this cell decomposition of each factor. The
cells are given by e;, X --- xe;,, where 1 <41 < --- <14, < m, and e; denotes
the 1-cell in the ith factor. Observe that each cell defines a cycle in (S)™,
that is, it has no boundary. (It may help to think of (S!)™ as obtained from
the unit cube of dimension m in R™ by identifying opposite faces. Then the
cell e;, X --- x ¢;, is a face of the cube of dimension k, which maps to a real
k-torus (S1)* c (S1)™.) Now it follows that the homology Hy(X,Z) is a
free abelian group with basis e;; x -+ x e;,, 1 <i3 < --- < i < m. (Note:
We can compute homology using a cell decomposition in the same way as
for a triangulation.)

Next we consider de Rham cohomology. Let e, ..., e, be a basis of L,
and 1, ..., %, the associated real coordinates on Vg. Then dx;, A---Adx;,
is a closed smooth k-form on Vg for 1 < iy < --- < i < m, and these forms
give the basis of HY; (X, R) = Hj(X,R)* dual to the basis {e;, x -+ xe;, } of
Hy(X,R) described above. Without choosing a basis, Hé“R(X, R) = APV

We describe the Hodge decomposition for a complex torus. (Note: al-
though a complex torus is not necessarily projective, it is always Kéhler, so
the Hodge decomposition theorem holds.) Recall that Hi, (X, R) = APV,
So

Hip(X,C) = AMVg @rC=AF(V @ V") = @D AV @AV
ptq=k
In coordina:ces, if 21, ..., 2, are complex coordjnates on V, then V* has basis
{dz;} and V* has basis {dz;}. So APV* ® AYV* has basis dz;; A--- Adz;, A
dzj, N--- Ndzj,, where 1 <43 <---<ip<nand1<j <---<jg<n It
follows that B
HPY = NPV @ NV,

Since X = V/L is a complex Lie group, the tangent bundle T’ is trivial,

with fibre T'x o = V, the tangent space at the identity 0 € X. That is,
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Ty =0xQV ~ (’);’?”. If z1,..., 2, are complex coordinates on V, then
8%1,...,% is a basis of Tx. Similarly, Qx = T% = Ox @ V* ~ 09",

generated by dz1,...,dz,, and wx = A"Qx = Ox @ A"V* ~ Ox, generated
by dz1 A --- A dz,. In particular, the canonical divisor Kx = 0.

11.1 Projective embeddings of complex tori

We say a compact complex manifold X is projective if it admits a closed
embedding in complex projective space Pg . (Then, according to Chow’s
theorem [GH, p. 167], X C Pg is defined by homogeneous polynomial equa-
tions, so is the complex manifold associated to a smooth complex projective
variety.)

A necessary condition for a compact complex manifold to be projective
is that the group Num X of numerical equivalence classes of line bundles on
X is nontrivial. Indeed, if H is a hyperplane section of X in some projective
embedding then the line bundle Ox (H) is not numerically trivial.

Now let X = V/L be a complex torus. Then

Num X = HY'n H*(X,Z)/ Tors = V* @ V* N A?L*.
Equivalently, a class in Num X is given by a skew Z-bilinear map
¢: LxL—7Z
such that the skew R-bilinear map
or: VR x Vg — R

obtained by extension of scalars from Z to R satisfies

or(iv, iw) = ¢r(v, w) (13)
for all v,w € V. To see this, recall the decomposition
ALY C N2L*®7C = A2VEQrC = A2(V¥*OV*) = A2V @V @V @ A2V,

where
Vg ®r C = Homg(V,C) =V* @ V*

is the decomposition of R-linear forms V' — C into C-linear and C-antilinear
forms. Now ) (iu, iv) = —(u,v) if ¢ € A2V* or ¢ € A2V* and ) (iu, iv) =
Y(u,v) if v € V@ V*. So the condition (13) is equivalent to ¢p € V @ V*.
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A skew R-bilinear form ¢: Vg x Vg — R such that ¢(iu,iv) = ¢(u,v)
corresponds to a hermitian form h: V x V — C with ¢ = —Imh. Indeed,
recall that h: V x V. — C is hermitian if h(Au,v) = Ah(u,v), h(u, Av) =
Mh(u,v), and h(v,u) = h(u,v) for u,v € V, A € C. So, writing h = g — i¢
where g and ¢ are R-valued, we find ¢g: Vg x Vg — R is a symmetric R-
bilinear form and ¢: Vg x Vg — R is a skew R-bilinear form. Moreover,

g(u,v) = Re h(u,v) = Im h(iu,v) = —¢p(iu, v)

and
o(iu,iv) = —Im h(iu, iv) = —Im h(u,v) = ¢(u,v).

Conversely, given ¢: Vg x Vg — R a skew R-bilinear form such that ¢(iu, iv) =
¢(u,v), we define h = g —i¢ where g(u,v) := —¢(iu,v), then h: VxV — C
is hermitian.

Theorem 11.2. Let X = V/L be a complex torus. Then X is projective iff
there exists ¢ € Num X such that the corresponding hermitian form h: V x
V' — C is positive definite.

We give a brief sketch of the proof. Given ¢ € Num X, let £ € Pic X
be a line bundle with numerical equivalence class ¢. One proves that L is
ample iff the hermitian form h associated to ¢ is positive definite. The first
proof uses the Kodaira embedding theorem, which provides a differential
geometric characterisation of ample line bundles. See [GH, p. 181]. The
second proof is more direct: if h is positive definite, we explicitly construct
global sections of powers of £ given by holomorphic functions §: V. — C
(called theta functions) which satisfy transformation laws of the form

0(z+ ) =ex(2)0(z)

for A\ € L, where the multipliers e)(z) are nowhere zero holomorphic func-
tions on V' which give transition functions for the line bundle. (The theta
functions are obtained as power series in g; = e?™%i, j = 1,...,n, where
z1,...,%n are appropriate complex coordinates on V. In this setup the pos-
itive definiteness of h implies that the power series converge.) Finally one
proves that £* defines an embedding for k& > 3 using the theta functions
(Lefschetz’ theorem). See [GH, p. 317-324].

Ezxample 11.3. Recall first that if F is a smooth projective complex curve of
genus 1 then E is a complex torus of dimension 1, E = C/Z @ Zr, and if £
is a line bundle on E of degree 3 then £ defines an embedding E C P? of E
as a smooth plane cubic curve.
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If now X = V/L is a complex torus of dimension 2 and £ is an ample
line bundle on X of degree £2 = 2 (this is the minimum possible degree),
then £%3 defines an embedding X C P® of codimension 6. In the special
case that X = FE; X Es is the product of two elliptic curves, we can take
L = pr] L1 ® pry Lo where L; is a line bundle of degree 1 on E;. Then the
embedding X C P® defined by £®3 is given by the embeddings E; C P?
defined by 5?3 and the Segre embedding P? x P? C P®, that is,

X = Fy; x By C P2 xP?2 P8

Note that an embedded complex torus X € PV of dimension n > 1 is
never a complete intersection. This follows from the Lefschetz hyperplane
theorem [GH, p. 156], which shows (in particular) that a complete intersec-
tion X C PV of dimension n > 1 has m(X) =~ 71 (PY) = 1. (Alternatively,
one can show algebraically that a complete intersection X C PV of dimen-
sion n > 1 has h!(Ox) = 0.)

11.2 The Albanese variety

Let X be a smooth complex projective variety (or, more generally, a com-
pact Kéhler manifold). The Albanese variety Alb X is the complex torus of
dimension ¢ = h°(Qx) given by

Alb X :=T(Qx)*/H. (X, Z).

Here the map H;(X,Z) — I'(Q2x)* is given by integration:

HI(X7Z)_>F(QX)*7 v (w'_)/("'))'
~
Note that the map
H(X,2) @R - T'(Qx)*
is equal to the composition
Hy(X,R) = Hiz(X,R)* C Hiz(X,C)" = HY" @ HOV" — g™O*

where the last map is the projection onto the first factor. This is an iso-
morphism of R-vector spaces: the dimensions are equal, and it is injective
because a = a1+ ap,1 — a1 and ag1 = i since « is real. So the
Albanese variety is a complex torus as claimed.

64



The Albanese morphism «: X — Alb X is defined as follows. Choose a
basepoint Py € X. We define

P
a: X — Alb X, P|—><w|—>/ w).
Po

Changing the choice of basepoint corresponds to composing a with a trans-
lation of Alb X
ty: AlbX — Alb X, z— x+0.

We describe the Albanese morphism in coordinates. Let wi,...,w, be a
basis of the complex vector space I'(Qx) and 71, ...,724 a basis of the free
abelian group Hi(X,Z)/ Tors. Then Alb X = CY%/L where L C CY is the
lattice generated by the vectors

</ wl,...,/wq), 1 <1< 2g,
Yi i

and a: X — Alb X is the map

P P
a: X —-C1/L, P|—></ wl,...,/ wq>
Py Po

If f: X — Y is a morphism between smooth complex projective varieties,
then there is a commutative diagram

X X, AbX
lf lAlbf (14)

Yy -, AlbY

where the morphism Alb f: Alb X — AlbY is defined as follows. We have
the pullback map f*: T'(2y) — I'(Q2x) on 1-forms. The dual (f*)* of this
map is compatible with the pushforward map f,: H1(X,Z) — H1(Y,Z) on 1-
cycles (that is, fv ffw= ffww)' So (f*)* defines a morphism Alb f: Alb X —
AlbY.

The Albanese morphism «: X — Alb X satisfies the following universal
property: if 8: X — T is a morphism from X to a complex torus, then
there exists a unique morphism f: Alb X — T such that § = foa«. Indeed,
if T is a complex torus, then ap: T — AlbT is an isomorphism. Now the
existence of f follows from the functoriality (14) of Alb. To get uniqueness,
observe that the pullback map on 1-forms

a": I'(Qawx) — I'(Qx)
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is an isomorphism. Thus f*: T'(Qr) — I'(Qam x) is uniquely determined,
equivalently, f: Alb X — T is uniquely determined up to a translation.
Finally the translation is determined by the equality 8 = f o a.

The image a(X) affinely generates Alb X as a group. That is, the differ-

ences a(z) — a(y) for x,y € X generate Alb X. Indeed, as observed above,
the pullback map a* on 1-forms is an isomorphism. This shows that a(X)
is not contained in a translate of a proper subtorus of Alb X. In particular,
if g(X) # 0, then a(X) is not a point.
Ezample 11.4. Let f: X — C be a ruled surface. We already observed that
[*:T(Qe) = I'(Qx) and f.: H1(X,Z) — H1(C,Z) are isomorphisms. Thus
Alb f: Alb X — AlbC is an isomorphism. Using this, we can identify the
Albanese morphism ax: X — AlbX with the composition of f and the
Albanese morphism a¢c: C — AlbC.

Now, for a curve C the Albanese morphism a¢ can be identified with
Abel-Jacobi morphism

C —PicC, P+ Oc(P — Py)

via a canonical isomorphism Pic’ C' ~ AlbC, where Py € C is a fixed
basepoint. See [GH, p. 224-237]. Here we only describe the isomorphism
Pic’ C ~ Alb C. Recall that

Pic’ C = HY(O¢)/H' (C,7Z) = H>'/H'(C,7)
by the exponential sequence, and
AlbC =T(Q¢)*/H.(C,Z) = (H"°)*/HY (C, Z)*.

The cup product
U: HY(C,Z) x HY(C,Z) - Z

defines an isomorphism H'(C,Z) = H'(C,Z)*. The bilinear form

b: HO' x H'YO - C, (w,n)»—»/w/\n
b'e

is non-degenerate (by Poincaré duality) and so defines an isomorphism H%! =
(H19)*. These two isomorphisms are compatible and give the desired iso-
morphism Pic’ C' ~ AlbC. To see the compatibility, note that the map
HY(C,R) — H%!is given by w = w014+w%! s w01 and similarly H!(C,R) —
H is given by n = n"0 4110 — 0. The map of dual spaces H'(C,R)* —
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(HY0)* is given by 6 = 019 + 619 — 610, and so () = 010(n*°) +
010(n*0) = 2Re by 9(n*°). Now

[w}u[n]—/w/\n—/wo’l/\nl’o+w071/\nl’0
X X

= ZRe/XwO’l A 771’0 =2Re b(wo’la 771’0),

so the functional § = ([w] U (-)) € HY(C,R)* corresponds to the functional
b(w,-) € (H%0)* as required.

The Albanese morphism for a curve C' is an embedding if ¢(C) > 0. (If
g(C) = 0 then C ~ P! and AlbC is a point.) Indeed, ac is injective as a
map of sets by the above identification of the Albanese morphism with the
Abel-Jacobi map: if ag(P) = ac(Q) then P ~ @, so P = @ because C
is not isomorphic to P!. Also, by the fundamental theorem of calculus, the
derivative of a¢ at a point P € C is given in coordinates by

(doc)p = (w1, ... ,wq)
where wy, ..., w, is a basis of I'(Q¢). Now K¢ is basepoint free by Riemann—
Roch: for P € C' a point we have
h(Ke—P)=h'(P)=1-g+(29—-2-1)=g—2
and h°(P) = 1 since C is not isomorphic to P!, so h®(Kg — P) =g —1 =
hO(K¢) — 1. So (dac)p # 0 for all P € C, and a¢ is an embedding.

Remark 11.5. If X is a smooth complex projective variety then Alb X is pro-
jective. In fact one can explicitly write down an ample class ¢ € Num(Alb X)
in terms of an ample class on X. Alternatively, consider the map

o XPF=Xx- x X 5 AbX, (x1,...,21) — az)) + -+ alzp).

One shows that o is surjective for large k. Then, since Alb X is Kéhler and
is covered by a projective variety, it follows from a result of Moishezon that
Alb X is projective. See [Voisin, p. 298, Lem. 12.11, Cor. 12.12].

12 K3 surfaces

A K3 surface is a compact complex surface such that Kx = 0 and h'(Ox) =
0. (The name K3 refers to Kummer, Kéhler, and Kodaira.) We do not
assume that X is algebraic.

The main results are the following:
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(1) Any 2 K3’s are diffeomorphic as smooth manifolds (Kodaira).

(2) Every K3 is a Ké&hler manifold, so the Hodge decomposition theorem
holds (Siu).

(3) The Torelli theorem for K3 surfaces: an explicit description of the
moduli space of K3 surfaces in terms of the Hodge decomposition
(Piatetski-Shapiro—Shafarevich).

Remark 12.1. The Torelli theorem for K3s is so called because it is analogous
to the Torelli theorem for curves. See [GH, p. 359].

We give some examples of K3 surfaces. We first consider complete inter-
sections in projective space. Recall the adjunction formula: if X is a smooth
variety and Y C X is a smooth closed subvariety of codimension 1, then

Ky =Kx+Yl|y

Now suppose X C PV is a complete intersection. Let ¢ be the codimension
of X ¢ PN and di,...,d. the degrees of the defining equations. Recall
that Kpy = —(IN 4+ 1)H where H is the class of a hyperplane. Now by the
adjunction formula and induction we deduce

Kx=(di+ - +d.— (N+1))H|x.
In particular Kx =0 iff d; +--- +d. = N 4+ 1. We also need the following

Lemma 12.2. Let X C PV be a complete intersection. Then H'(Ox(n)) =
0 for0<i<dimX andn € Z. (Here Ox(n) := Op~n(n)|x.)

Proof. We use induction on the codimension ¢ of X c PV. If ¢ = 0, that is,
X =PV, this follows from an explicit computation of the Cech cohomology
groups with respect to the standard affine open covering U; = (X; # 0)
of PV, see [Hartshorne, II1.5.1]. Suppose the result is true for codimension
c—1, and let X C PV be codimension ¢, cut out by equations of degrees
di,...,d.. Consider X C Y Cc PV, where Y C PV is cut out by the first c—1
of the ¢ equations defining X. The ideal sheaf Zx/y of X C Y is isomorphic
to Oy (—d.), so we have an exact sequence

0— Oy(—d.) — Oy — Ox — 0,
and tensoring by Oy (n) we obtain an exact sequence

0— Oy(n—d.) — Oy(n) — Ox(n) —0
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Now the long exact sequence of cohomology
- — H'(Oy(n)) — H'(Ox(n)) — H*(Oy(n—dc)) — -

together with the induction hypothesis shows that H(Ox(n)) = 0 for 0 <
i <dimX =dimY — 1 and n € Z, as required. O

In particular, if X € PV is a complete intersection, then h*(Ox) = 0
for 0 < i < dim X. (This can also be deduced from the Lefschetz hyper-
plane theorem and the Hodge decomposition.) We deduce that the following
complete intersections are K3 surfaces.

(1) Xy CcP?

(2) Xo3CP!

(3) X2’272 C IP)5.
Here Xy, 4. C PN denotes a complete intersection of codimension ¢ defined
by equations of degrees dy,...,d.. Let L = Ox(1) = Opn(1)|x. The degree
of X c PV is L4™X — ¢,d, - - - d.. In the cases above, we have L? = 4,6, 8.

A similar example is the double cover f: X — P? branched over a smooth
plane curve B C P? of degree 6. Here

X = (Y2 = F(X07X17X2)) C L7

where p: L — P? is the line bundle with sheaf of sections £ = Op2(3),
Y € I'(L,p*L) is the tautological homogeneous vertical coordinate on L
(that is, for t € L, p(t) = =, we define Y (t) =t € L,), and F € T'(Op2(6)) is
the equation of B C P2. Explicitly, over Uy = (Xq # 0) C P?,

X = (y? = f(zx1,22)) C A3 T, p2

T1,22,Y 1,22

where 21 = X1/Xo, 12 = X2/Xo, y = Y/X3, and f(x1,22) = F/X§ is the
equation of B in the affine piece Uy = A2 . In particular, X is smooth
because B is so. We observe that

f*OX — O]]:DQ @ O]}DQ(—?)) . Y

Now HY(Ox) = H'(f.Ox) because f is finite, so H(Ox) = 0. Next
we compute the canonical divisor Kx. Let P € B be a point and choose
coordinates x,z at P € P? such that B = (2 = 0) near P. Then, locally in
the Euclidean topology at P, f: X — P? is given by

AZ, = AL, (z,y)— (2,97

T,z
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So the 2-form f*dx A dz = 2ydx A dy on X vanishes along the ramification
locus R := f~'B = (y = 0) with multiplicity 1. It follows that

wyx = ffwpz ® Ox(R).

(This is an instance of the Riemann-Hurwitz formula, cf. [Hartshorne,
IV23].) But R = (Y =0) C X and Y € T'(f*Op2(3)), so Ox(R) ~
[*Op2(3). We deduce that wx ~ Ox, that is, Kx = 0. Finally, we note
that the line bundle M = f*Op2(1) on X satisfies M2 = deg f = 2.

12.1 Kummer surfaces

A Kummer surface is a special type of K3 surface constructed from a complex
torus as follows. Let Y = V/L be a complex torus of dimension 2. Let
i: Y =Y be the involution given by scalar multiplication by (—1). Let Z
be the quotient Y/(i). Then Z is a normal surface with 16 = 2% singularities
corresponding to the fixed points %L/L CY =V/Lofi. Let Z — Z be the
blowup of the singular points. Then X := Z is a smooth K3 surface called
the Kummer surface associated to Y. We describe the construction in more
detail and check that X is indeed a K3 surface below.

First we analyse the singularities of Z = Y/(Z/27Z). Working locally in
the Euclidean topology at a fixed point of the involution ¢, the involution is
of the form

Aazc,y — A?c,y? (:va) = (—I’, _y)'
Now, the coordinate ring k[Z] of the quotient Z = Y/G of an affine variety
Y by a finite group G is the ring of invariants k[Y] in the coordinate ring
k[Y] of Y. (This was proved in 508A, see the notes on my webpage.) In our
case
klz, y*?% = k[2?, 2y, y*] = klu, v, w]/ (uw = v?),

so Z =Y/(Z/27Z) is locally of the form

(uw = U2) C Ai,v,w
This singularity is called an ordinary double point or A;-singularity. (Note
that any nondegenerate quadratic form in 3 complex variables defines an
isomorphic singularity.) Next we study the blowup 7: Z — Z of the singular
point P € Z. Recall that Z can be computed as the strict transform of
Z < A3 under the blowup b: Blg A3 — A% of 0 € A3. The exceptional divisor
F of b is a copy of P? with homogeneous coordinates U, V, W corresponding
to the coordinates u,v,w at 0 € A3. The exceptional divisor E of 7 is given
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by E = (UW = V?) C F = P2. (In general, the exceptional divisor for the
blowup of a hypersurface (f = 0) C A" is given by (F = 0) € P*~! where
F is the homogeneous component of f of minimal degree.) In particular,
E is a smooth conic, so E ~ P!. Now E is smooth and E C Z is locally
defined by one equation (a general property of the blowup). It follows that
Z is smooth. We can also compute directly in charts. Consider the affine
piece (U # 0) of the blowup b: Blg A% — A3, given by

A?),v’ w Au VW (pa 'U,a w/) = (p,pv/,pw’).
Now Z = (uvw = v2), so in this affine piece b*Z = (p w' = p*v'?) and
Z=27 =@ = ) pv, So in this affine piece 7: Z — Z is given by

Ay —ZCAL, ., (v)e (p, p’, ).

Note that Z is covered by the two affine charts (U # 0), (W # 0), and they
are symmetric.

We show that K ; = 0. We first do a local calculation on the resolution of
the singularity. With notation as above, consider the 2-form dx Ady on A?c,y
Observe that this form is invariant under the involution (z,y) — (—z, —y).
So it defines a 2-form on the quotient Z away from the singular point P € Z,
and we obtain a 2-form w on Z \ E by pullback. We show that the rational
2-form w on Z is actually a nowhere zero regular 2-form on Z, in particular,
K; = (w) = 0. We just compute in the charts described above. We have

ZOA, = ZChA, ., (V) (ppv,pv?)

Ag, — 7 C A?ww, (z,y) — (x2,acy,y2)

So p = 22, pv’ = zy, pv'* = y*. Hence y = 20’ and
/ 1 /
w=dx Ndy = xzdx N\ dv zidp/\dv,

a nowhere vanishing 2-form on the affine piece AZ , of Z. Now, the same
construction applied globally to the invariant 2-form dz; Adze on Y = V/L,
where z1, zo are complex coordinates on V', produces a nowhere zero regular
2-form w on X := Z, so we obtain Kx = 0.

It remains to show that H'(Ox) = 0, or, equivalently (by the Hodge
decomposition), H!(X, Q) = 0. We first observe that there is a commutative
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diagram

Y — 7

where f: Y — Z = Y/(i) is the quotient map, 7: X = Z — Z is the blowup
of the singular points, ¢: W — Y is the blowup of the fixed points of the
involution ¢, and g: W — X is a double cover with branch locus the union
of the exceptional curves of w. In charts, the diagram is

2 2
Aq,y’ Ap,v’

| |

Ai,y - Z

where (¢,y) — (p,v') = (%,¢), (¢,¥) — (z,9) = (¢,q¢), and (p,?) —
(p,pv’,pv’Z) and (z,y) — (2%, 7y,y?) as before. We check that this does
define a commutative diagram. In general, given a finite morphism f: Y —
Z and a birational morphism 7: X — Z there exists a unique normal variety
W together with a finite morphism g: W — X and a birational morphism
¢: W — Y such that mg = ¢f. (W is called the normalisation of X in the
function field of Y.) In particular, in our example the patching of the two
charts over the given singular point P € Z is automatic.

We can now show H!'(X,Q) = 0 as follows. The morphism g: W —
X is the quotient map for the action of Z/2Z on W, so the image of
g*: HY(X,Q) — HY(W,Q) lies in HY(W, Q)Z/QZ. Moreover, g* is injec-
tive, because gig* = (degg) -id = 2id. (Here ¢g: H'(W,Q) — H'(X,Q)
denotes the Gysin map which corresponds to the map g.: H3(W,Q) —
H3(X,Q) under the Poincaré duality isomorphisms H'(W, Q) ~ H3(W,Q),
HY(X,Q) ~ H3(X,Q).) Now, the map f*: H'(Y,Q) — HY(W,Q) is an iso-
morphism because W — Y is a composition of blowups. So H' (W, Q)%/%% ~
HY(Y,Q)%/?%, Finally H'(Y,Q)%/?2 = 0 because the involution i acts by
multiplication by (—1) on H'(Y,Q). We deduce that H'(X,Q) = 0, as
required.

12.2 Topological and analytic invariants of K3 surfaces

Let X be a K3 surface. We first compute the Hodge numbers hAP? =
dime HPY = h1(Q%) of X.
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If X is a complex smooth projective variety (or Kéhler manifold) of
dimension n, the Hodge numbers hP? of X are usually displayed in the so
called Hodge diamond — that is, we arrange the numbers h?? in the xy-plane
with A7 at the point with coordinates (p—¢q,p+¢q). (Note that the possible
types (p,q) are given by 0 < p,q < n, so we do get a diamond.) Then
the kth row corresponds to the decomposition H*(X,C) = D, i H" of
the kth cohomology group. Now H?P = HP:4 and also H" P"""9 ~ (HP%)*
by Poincaré duality (or Serre duality). So the diamond is symmetric under
reflection in the vertical line x = p — ¢ = 0 and reflection in the horizontal
line y = p+q = n. (The first symmetry is given by complex conjugation, the
second by the composition of the Poincaré duality isomorphism and complex
conjugation.)

For a K3 surface X, we have h'(Ox) = 0 and h?(Ox) = ho(wx) = 1
because wx ~ Ox. Now Noether’s formula

1

(% + e(X)

x(Ox) =

gives e(X) = 12x(Ox) = 24. So the Hodge diamond is

1
0 0
1 20 1
0 0
1

Proposition 12.3. Let X be a K3 surface. Then H(X,Z) = H*(X,Z) =0
and (H*(X,7),U) ~ L := H? @ (—FEg)?

Proof. We first show that there is no torsion in the integral cohomology of
X. For X a compact smooth 4-manifold, H' is torsion free and Tors H? ~
Tors H? ~ Tors H; by Poincaré duality and the universal coefficient theo-
rem. So, it’s enough to show that H; is torsion free. Suppose not, and
let H1(X,Z) — Z/nZ be a surjection for some n > 1. The composition
m(X) — H1(X,Z) — Z/nZ defines a covering space p: ¥ — X of degree
n. (Explicitly, Y is the quotient of the universal covering X of X by the
kernel of the surjection 71(X) — Z/nZ). Then Y inherits the structure of a
complex manifold from X such that p: Y — X is étale, that is, everywhere
locally on Y the map p induces an isomorphism of complex manifolds. Now
e(Y) =n-e(X) = 24n because p: Y — X is a covering space of degree n.
Also Ky = p*Kx = 0 because p is étale, so h*(Oy) = h®(wy) = 1. Now
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Noether’s formula gives

2~ B(Oy) = X(Oy) = 1o (K} +e(V)) = 2n.
But n > 1, so this is a contradiction. So H;(X,Z) is torsion-free, as required.
(In fact, a K3 surface X is simply connected, but we do not need this here.)
It follows that the integral cohomology of X is torsion free, and so by our
previous calculation H'(X,Z) = H3(X,Z) = 0 and H?(X,Z) is free of rank
22.

It remains to determine the isomorphism type of the lattice (H?(X,Z),U).
(Here, a lattice is a free abelian group together with a symmetric Z-valued
bilinear form.) First, the cup product U on H?(X,Z) is unimodular by
Poincaré duality. Second, it has signature (1 + 2229 ALl —1) = (3,19) by
the Hodge index theorem. Third, it is even, that is o := aUa is even for all
a € H*(X,Z). Indeed, we already observed that, for X a compact complex
surface and D a divisor on X, D? — D - Kx is even (by the Riemann-Roch
formula for x(Ox(D))). More generally, for a € H*(X,Z), o> — a - Kx is
even. This follows from the Wu formula [MS, p. 132]. If now X is a K3
surface then Kx = 0, so ? is even for all o« € H?(X,Z) as claimed. Finally,
by the classification of indefinite unimodular lattices described in Sec. 1.6, it
follows that (H?(X,Z), U) is isomorphic to the lattice L := H3® (—Es)?, the
direct sum of 3 copies of the hyperbolic plane and 2 copies of the negative
definite Eg lattice. O

12.3 The Torelli theorem for K3 surfaces

In this section we give the statement of the Torelli theorem and surjectivity
of the period mapping for K3 surfaces.

Let X be a K3 surface. Recall that the lattice (H?(X,Z),U) is isomor-
phic to L := H3 @ (—FEg)? and the summands in the Hodge decomposition

13'2()(7 C) — H?,O D Hl,l D HO’2

have dimensions 1, 20, 1.

The Hodge decomposition of H2(X, C) is determined by H?° c H?*(X,C).
Indeed, we have H%? = H20 and H'' = (H*? @ H*?)+. (For a k-vector
space V with a bilinear pairing V x V' — k and a subspace W C V, we
define W+ = {v € V | (v,w) =0V w € W}.) To see the second equality,
recall that the cup product on H?(X,C) = HgR(X, C) is given by

(L), In) H/an

74



so HP is orthogonal to HP¢' unless p+p' = ¢+ ¢ = 2. Thus H"! C
(H?Y @ H%?)L and the dimensions agree, so we have equality.

Theorem 12.4. (Torelli theorem for K3s)[BHPV, Cor. 11.2, p. 333] Sup-
pose X, X' are K3 surfaces and ¢: (H*(X,Z),VU) — (H*(X',Z),U) is an
isomorphism of lattices such that ¢c(H*?(X)) = H>°(X'). Then X is iso-
morphic to X'.

Let X be a K3 surface and 2 a nonzero holomorphic 2-form on X. So
H**(X) = H(wx) = C-[Q] C Hiz(X,C).
Then [Q]? =0 and [Q)[Q] = [, QA Q > 0.

Theorem 12.5. (Surjectivity of the period mapping)[BHPV, Cor 14.2, p. 339]
Let v € L¢ be a vector such that v> = 0 and v-© > 0. Then there exists
a K3 surface X and an isomorphism ¢: (H*(X,Z),U) — L such that
dc(H*P(X)) = C-v. (Note that X is uniquely determined by the Torelli
theorem,).

12.4 Elliptic fibrations of K3 surfaces

Recall the Riemann-Roch formula for a divisor D on a compact complex
surface X

X(Ox(D)) = X(Ox) + 2 D(D ~ Kx)

If now X is a K3 surface the formula simplifies considerably: we have
X(Ox)=2and Kx =0, so

X(Ox(D) =2+ D

In particular, using Serre duality h?(Ox (D)) = h°(Ox(Kx —D)) and Kx =
0, we obtain the inequality

K (Ox (D)) + h°(Ox(—D)) > 2+ %DQ.

Theorem 12.6. Let X be a K3 surface and D a divisor on X

(1) If D?> > —2 then either h°(Ox (D)) # 0 or h°(Ox(—D)) # 0. (Note:
if both are nonzero then Ox (D) ~ Ox.)

(2) If C C X is an irreducible curve then C? > —2, with equality iff
C ~ P!, In this case C is called a (—2)-curve.
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(3) Suppose D?> = 0, D # 0, and h°(Ox (D)) # 0. Then D is linearly

equivalent to a positive linear combination
aF + Z m;C;

where E is a smooth curve of genus 1 such that E?> = 0 and the C;
are (—2)-curves. The linear system |E| is basepoint free and defines a
morphism ¢: X — P! with general fibre a smooth curve of genus 1.

Proof. (1) follows immediately from the Riemann-Roch inequality derived
above. To explain the note: h®(Ox (D)) # 0 iff D is linearly equivalent to
an effective divisor D’. If X is projective, let H be a hyperplane section,
then H-D = H-D' > 0, with equality iff D’ = 0. So if h°(Ox (D)) # 0 and
h9(Ox(—D)) # 0 then D ~ 0. More generally, if X is a Kithler manifold,
the same argument works with H replaced by a Kihler class x € H?(X,R).
(2) Recall that
QpQ(C) —2= (KX +C) -C

and p,(C) > 0 with equality iff C ~ P'. Now Kx = 0 gives 2p,(C) —2 = C?
and the result follows.

(3) We first show that there exists a positive linear combination ) m,;C;
of (—2)-curves such that D’ := D—>" m;C; is nef, D'? = 0, and h°(Ox (D")) #
0. (Recall that a divisor D on a variety X is nef if D-C > 0 for every curve
C C X.) If D is nef, we are done. So suppose D - C' < 0 for some curve C.
Since h?(Ox (D)) # 0, we may assume D is effective (replacing D by a lin-
early equivalent divisor). Then, since D -C < 0, the curve C' is contained in
the support of D and C? < 0. Hence by (2) C? = —2 and C is a (—2)-curve.
We now consider the Picard—Lefschetz reflection

s¢: PicX - PicX, B~ B+ (B-C)C

defined by the (—2)-curve C. This is an isomorphism of lattices for the
intersection product on Pic X. Indeed,

sc(B)?>=B*4+2(B-C)(B-C)+(B-0)*C? = B?

using C? = —2. We replace D by D; := s¢(D). Then D; = D — mC
where m = —(D - C) > 0, D} = 0, and h°(Ox(D1)) # 0 by Lemma 12.7
below. This process cannot continue indefinitely because the degree of D
with respect to a hyperplane section (or a Ké&hler class) decreases at each

stage. So, after a finite number of steps we obtain D' = D — Y m;C; such
that D’ is nef, D'* = 0, and h®(Ox (D)) # 0, as required.
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Let D be an effective divisor on a smooth K3 X such that D? =0, D # 0
and D is nef. By the Riemann-Roch inequality, h°(Ox (D)) > 2. Consider
the complete linear system |D|. Write |D| = |M| + F where F is the fixed
part and M is mobile (that is, |[M| does not have fixed components). Then
D?*=D(M+F)=0and DM,DF >0,so DM = DF = 0. Also M is nef
because it is mobile. So from 0 = DM = (M+F)M and M?, M F > 0 we get
M? = MF =0, and finally 0 = DF = (M+F)F gives F? = 0. If F # 0 then
hO(Ox(F)) > 2 by the Riemann-Roch inequality. This is a contradiction
because F' is fixed. So F' = 0. If My, My are two general elements of | M|
then M, My do not contain common components, and M; - My = M? =0,
so M and Mj are disjoint. Thus |D| = |M]| is basepoint free.

Let ¢: X — PV be the morphism defined by |D|. The image of ¢ is
a curve C because D> = 0 and D # 0. Indeed, D = ¢*H where H is a
hyperplane in PV, so dim¢(X) < 1 because D?> = 0 (and ¢(X) is not a
point because D # 0). The Stein factorisation of ¢ ([Hartshorne, III1.11.5,
p. 280]) gives ¢ = po f where f: X — C is a morphism to a smooth
curve C' with connected fibres and p: ¢ — C is a finite morphism. We
claim that C ~ P!. Indeed, the map f*: I'(Qs) — I'(Qx) is injective,
and I'(Qx) = H"Y(X) = 0 because X is a K3, so I'(Q5) = 0 and thus
C ~ P!. The morphism ¢: X — PV was defined by the complete linear
system |D|. So also p: C — C c PV is defined by a complete linear system.
But C ~ P!, so p: C' — C'is an isomorphism. Finally, D = ¢*H ~ fH(NP),
where P € C' ~ P! is any point, so D ~ NE where E is any fibre of f. A
general fibre E of f is smooth by Bertini’s theorem, and E? = 0 because F
is a fibre of a morphism from a surface to a curve. Now the genus formula
29(F) —2=(Kx + E)E and Kx = 0 gives g(E) = 1. O

Lemma 12.7. Let X be a K3 surface, C C X a (—2)-curve and
s¢: PicX - PicX, D— D+ (D-C)C

the associated Picard—Lefschetz reflection. If D is an effective divisor on X
such that D? > 0, then sc(D) is linearly equivalent to an effective divisor.

Proof. If D-C > 0 the result is clear. So suppose D-C' < 0. By Thm. 12.6(1)
either sc(D) or —sc(D) is linearly equivalent to an effective divisor. Sup-
pose (for a contradiction) that —sc(D) is linearly equivalent to an effective
divisor B. Then

B+ D~ —s¢(D)+D=—(D-C)C=mC

where m > 0. Now since C? < 0 it follows that B+D = mC. Thus D = kC,
some 0 < k < m. This contradicts D? > 0. O
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Let f: X — B be a morphism from a compact complex surface X to
a smooth curve B. Then the general fibre F' of f is a smooth curve. Let
F,=f"'P,i=1,...,r, be the singular fibres of f, and write B = B\ {P,}
and X0 = f71B% = X \ UF;. Then

e(X)=e(X%)+ > e(F) =e(B%e(F)+ ) _e(F,
F)+) (e(F) -

Indeed e(X?) = e(B%)e(F) because X° — BY is a topological fibration, and
e(B%) = e(B) — r. To see the first equality, we use the formula

e(KUL)=¢e(K)+e(L)—e(KNL)

given by the Mayer—Vietoris sequence as follows. Let P; € D; C B be
a small open disc around P, N; = f~!D;, and Y = X \ UN;. Then
X =YUUN;, and Y € X? and F; C N; are homotopy equivalences. Also
Y N N; = ON;, the boundary of N;, and ON; — 0D; = S is a fibration. So
e(ON;) = e(F)e(S') = 0 and

)+ D e(Ni) = 3 e(ON:) = e(X) + 3 e(F,
Now suppose that f: X — B is an elliptic fibration, that is, the general
fibre F' is a smooth curve of genus 1. Then e(F) = 0, so the above formula
gives

e(X) = S e(F).

Finally, suppose in addition that X is a K3 surface and each singular fibre
F; is a rational nodal curve (this is the generic situation). Here by a rational
nodal curve we mean a curve obtained from P! by glueing two points to form
a node. Then e(X) = 24 and e(F;) = 1 for each i, so the morphism f has
24 singular fibres.

13 Overview of the classification of surfaces

Let X be a smooth projective surface over k = C.

Theorem 13.1. If Kx is not nef then there exists an “extremal” curve C
with Kx - C <0 and a morphism ¢: X — Y to a normal projective variety
Y such that ¢ has connected fibres and a curve I' C X is contracted by ¢
iff T' is numerically equivalent to a rational multiple of C'. The morphism ¢
can be described explicitly as follows.
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(1) C? < 0.Y is a smooth surface and ¢: X — Y is the blowup of a point
P €Y with exceptional curve C.

(2) C?>=0.Y isa curve and ¢p: X — Y is a ruled surface.
(3) C?>>0.Y is a point and X ~ P2

Proof. (Sketch) The idea of the proof of the first part is the following. If
¢: X — Y is a morphism and H is an ample divisor on Y, then for each
curve I' C X we have ¢*H - I' > 0 with equality iff I' is contracted by ¢.
Consider the cone of curves

C:= {Z a;[C;] | C; C X curves, a; € R>o} € (Num X)g.

This is a convex cone in the finite dimensional R-vector space (Num X)g. If
C C X and ¢: X — Y are as in the statement, write D := ¢*H, then D-a >
0 for all @ € C, with equality iff & = A\[C], some A € R>(. Geometrically, the
hyperplane (D -« = 0) C (Num X)g intersects the cone C in the ray R>¢[C],
and C is contained in the halfspace (D -a > 0). Conversely, one shows that,
given such a D, for some n > 0 the linear system |nD| is basepoint free
and defines a morphism ¢: X — Y with the desired properties. (We use the
assumption Kx-C < 0 here.) To prove the existence of C and D, we analyse
the structure of the cone C. One shows that, in the half space (Kx -a < 0),
the cone is locally polyhedral, that is, the convex hull of finitely many rays.
Then we can take C' to be a generator of one of the extremal rays of the
cone, and D a divisor defining a hyperplane intersecting C in this ray. For
more details see [Reid, Ch. DJ.

Now suppose given C and ¢: X — Y as in the statement. We derive
the explicit description of the possibilities for ¢. If dimY = 2 then ¢ is
birational so C? < 0 by negativity of the contracted locus. Now Kx -C < 0
implies C' is a (—1)-curve by Cor. 7.12 and ¢ is the blowup of a point on
a smooth surface by Castelnuovo’s contractibility criterion (Thm. 7.13). If
dimY = 1 then ¢: X — Y has irreducible fibres (since every contracted
curve is numerically equivalent to a multiple of C'). Thus C is a fibre of
¢ and so C? = 0. Now Kx -C < 0 implies that ¢: X — Y is a ruled
surface by Thm. 10.1. If Y is a point then every curve is contracted by ¢,
so p(X)=1,C? >0, and —Ky is ample (since Ky - C < 0). Hence X ~ P?
by Thm. 9.1. O

Corollary 13.2. Let X be a smooth projective surface over k = C. There
exists a finite sequence of contractions of (—1)-curves

X=Xy—-X1—---—-X,=Y
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such that one of the following holds.
(1) Ky is nef.
(2) Y is a ruled surface.
(3) Y ~ P2
If Ky is nef we say Y is a minimal model.

Proof. This follows from the theorem by induction. Note that if ¢: X — X’
is the contraction of a (—1)-curve (a blowup) then p(X') = p(X) — 1. So
the process must stop. O

Proposition 13.3. (Uniqueness of minimal models) Suppose Y1,Ys are
smooth projective surfaces with Ky,, Ky, nef, and f: Y] --» Ys is a bira-
tional map. Then f is an isomorphism.

Proof. See Example Sheet 2, Q4. O

We now describe the classification of surfaces with K x nef. Recall that
we use the symbol ‘=’ to denote numerical equivalence of divisors.

Theorem 13.4. Let X be a smooth projective surface over k = C such that
Kx is nef. Then we have the following cases.

(1) Kx =0. If Kx =0 then X is a K3 surface or an abelian surface (a
projective complez torus of dimension 2). In general, mKx = 0 for
somem € {1,2,3,4,6}, and X is a quotient of a K3 or abelian surface
by a free action of Z/mZ.

(2) K% =0,Kx #0. For somen > 0 the linear system |nK x| is basepoint
free and defines an elliptic fibration ¢: X — C.

(3) Kgf > (0. For some n > 0 the linear systenl|nKX| is basepoint free
and defines a birational morphism ¢: X — X.

In case (3) we say X is a surface of general type. For example, if X ¢ PV
is a complete intersection, with defining equations of degrees di,...,dy_2,
then Kx = () d; — (N +1))H where H is a hyperplane section. So X is of
general type iff > d; > N + 1.
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14 Godeaux surfaces

We describe an example of a surface X of general type such that h%(Kx) = 0.
Let Y = Y5 C P3 be a smooth quintic surface. Consider the action of
G = 7./57 on P? given by

(Xo: X1 :Xo:X3) = ("Xo: ¢1Xy 1 (P Xy 0 (3X3)

where ( is a 5th root of unity. Assume that Y is preserved by the group
action. Assume also that Y does not contain any of the fixed points (1:0:
0:0),...,(0:0:0:1). For example, we can take

Y = (X§+ X7 + X5+ X5 =0) C P2

Then G acts freely on Y, so X := Y/G is smooth and the quotient map
p: Y — X is étale. The hypersurface Y is simply connected by the Lefschetz
hyperplane theorem, and p: ¥ — X is a covering map. So Y is the universal
cover of X, and 71(X) = G = Z/57Z. By the adjunction formula

Ky:Kp3+Y|y:—4H+5H:H

where H is a hyperplane section of Y. So Ky is ample, and Ky = p*Kx
because p is étale. It follows that Kx is ample. (More generally, if f: X —
Y is finite and Y is proper, then a line bundle L on Y is ample iff f*L
is ample. This follows from the Nakai—Moishezon criterion for ampleness
[Hartshorne, V.1.10, A.5.1].) Finally, we compute h%(Kx) = 0. We have
INwx) = I'(wy)? because X = Y/G with G acting freely on Y. Also, as
noted above, Ky = H, so

Iwy) ~T(O0y (1)) =T(Ops(1)) = (Xo,..., X3)k
(To get the equality I'(Oy (1)) = I'(Ops (1)), we tensor the exact sequence
0 — Ops(=5) = Ops — Oy — 0
by Ops(1) to obtain
0 — Ops(—4) — Ops(1) — Oy (1) — 0.

Now the long exact sequence of cohomology together with H*(Ops(—4)) = 0
for i = 0,1 shows that the restriction map H°(Ops(1)) — HY(Oy(1)) is
an isomorphism.) We need to describe the G action on I'(wy) explicitly
to compute the invariants. Consider the affine piece Uy = (Xo # 0) of
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Y and write 7; = X;/Xo for i = 1,2,3 and f = F/X{, the equation of

Uy € A2, ... Then
B dxy1 N dxo B dzy N dxsg B dxo N dxsg
o of - ar o ofr
oxs Oxa 0x1

is a regular nowhere zero 2-form on Uy. Indeed, on Uy we have

df = gxfld$1 + gx];dwg + gigdl‘g =0
and using this gives the equalities above in the definition of w. Now, since
Uy is smooth, at each point P € U, we have 887}; # 0 for some i, and then
the x;, j # i, define local coordinates at P. It follows that w is regular
and nonzero at P. Now consider w as a rational 2-form on Y. We find
(w) = (Xo =0), and so

Nwy) = (w, 11w, Tow, T3w) k.

Finally, we compute the G-action. We have z; — ('z;, f — f, so % —

Ciig—i and w — (w. We deduce that T'(wy) = I'(wy )% = 0 as required.
Remark 14.1. A Godeaux surface is a surface of general type such that

hY(Kx) = h'(Ox) = 0 and K% = 1. The first example of such a surface is
the one described above. See [BHPV, VIIL.10] for more details.

15 The Hopf surface

We describe a compact complex surface X such that the Hodge decomposi-
tion does not hold.
Consider the action of G =Z on Y = C?\ {0} given by

1 1

z = (21,22) — (521, Ezg).

This is a free and properly discontinuous action. That is, for all P € Y
there exists a (Euclidean) neighbourhood P € U C Y such that gUNU = ()
for ¢ € G\ {e}. Hence the quotient X := Y/G is a complex manifold.
Topologically, we have diffeomorphisms

C2—{0}=R*— {0} » S3 xRy~ S* xR
z— (2/lIzl; [[z]) — (z/llz], log ||z]])
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Taking the quotient we obtain a diffeomorphism
X = (C2\{0})/Z ~ S3 x (R/Z -log?2) ~ S3 x §!

In particular X is compact, and has Betti numbers 1, 1,0, 1, 1 by the Kiinneth
formula. Now we see that the Hodge decomposition H!(X,C) = H0gH%!,
H%! = H10 does not hold because by (X) = 1 is odd. So X is not a Kéhler
manifold.

Acknowledgements: Much of the presentation is based on [BHPV], [Beauville],
[GH], [Reid], [Shafarevich], and [Voisin].
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