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ABSTRACT

We classify del Pezzo surfaces with quotient singularities and Picard rank 1 which admit
a Q-Gorenstein smoothing. These surfaces arise as singular fibres of del Pezzo fibrations
in the 3-fold minimal model program and also in moduli problems.

1. Introduction

We give a complete classification of del Pezzo surfaces with quotient singularities and Picard rank
1 which admit a Q-Gorenstein smoothing. This solves a problem posed by Kollér, cf. [Kol08, §4].

One of the possible end products of the 3-fold minimal model program is a del Pezzo fibration.
A del Pezzo fibration is a morphism f: Y — S with connected fibres such that Y is a 3-fold with
terminal singularities, S is a smooth curve, — Ky is relatively ample, and the relative Picard number
p(Y/S) equals 1. In particular, a general fibre of f is a smooth del Pezzo surface. Typically, a singular
fibre X =Y of a del Pezzo fibration Y/S is a normal del Pezzo surface with quotient singularities.
Moreover, if we work locally analytically at s € S, we can run a relative minimal model program
over S to reduce to the case p(X) = 1. This is a key motivation for our work.

Let X be a normal surface with quotient singularities. We say X admits a Q-Gorenstein smooth-
ing if there exists a deformation X' /(0 € T') of X over a smooth curve germ such that the general
fibre is smooth and Ky is Q-Cartier. (The requirement that Ky be Q-Cartier is natural from the
point of view of the minimal model program and is important in moduli problems, cf. [KS88, 5.4].
It is automatically satisfied if X is Gorenstein.)

THEOREM 1.1. Let X be a projective surface with quotient singularities such that —K x is ample,
p(X) =1, and X admits a Q-Gorenstein smoothing. Then X is one of the following:

(1) A toric surface as in Thm. 4.1.

(2) A deformation of a toric surface from (1), determined by specifying the subset of singularities
to be partially smoothed as in Cor. 2.7.

(3) A sporadic surface as in Ex. 8.3.

There are 14 infinite families of toric examples, see Thm. 4.1. The surfaces in each family
correspond to solutions of a Markov-type equation. The solutions of the (original) Markov equation

a’ +b% + ¢ = 3abe

correspond to the vertices of an infinite tree such that each vertex has degree 3. Here two vertices
are joined by an edge if they are related by a so called mutation of the form

(a,b,c) — (a,b,3ab—c).
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The solutions of the other equations are described similarly.

Given one of the toric surfaces Y, the Q-Gorenstein deformations of Y which preserve the
Picard number are as follows. First, there are no locally trivial deformations and no local-to-global
obstructions to deformations. Second, for each singularity @ € Y, the deformation is either locally
trivial or a deformation of a singularity of index > 1 to a Du Val singularity of type A, see Cor. 2.7.
Moreover, in the second case, the deformation is essentially unique (it is obtained from a fixed one
parameter deformation by base change).

There are 20 isolated sporadic surfaces and one family of sporadic surfaces parametrised by Al

see Ex. 8.3. Every sporadic surface has index < 2. In particular, they occur in the list of Alexeev
and Nikulin [ANO06G].

Our methods produce many examples of smoothable del Pezzo surfaces X with quotient singu-
larities of Picard rank p(X) > 1. Indeed, let Z be one of the toric surfaces enumerated in Thm. 4.1
and let X be any partial Q-Gorenstein smoothing of Z. Then the Picard number p(X) can be
computed by the formula in Prop. 2.6.

In the case K§( = 9 we obtain the following stronger result. This completely solves the problem
studied by Manetti in [Man91].

COROLLARY 1.2. Let X be a projective surface with quotient singularities which admits a smoothing
to the plane. Then X is a Q-Gorenstein deformation of a weighted projective plane P(a?,b?, c?),
where (a,b,c) is a solution of the Markov equation.

Proof. If X is a surface with quotient singularities which admits a smoothing to the plane, then
p(X) =1, —Kx is ample, and the smoothing is Q-Gorenstein by [Man91, §1]. O
We note that a partial classification of the surfaces with K% > 5 was obtained by Manetti
[Man91],[Man93].
As a consequence of our techniques we verify a particular case of Reid’s general elephant con-

jecture (see, e.g., [Ale94]).

THEOREM 1.3. Let f: V — (0 € T) be a del Pezzo fibration over the germ of a smooth curve.
That is, V is a 3-fold with terminal singularities, f has connected fibres, — Ky, is ample over T', and
p(V/T) = 1. Assume in addition that the special fibre is reduced and normal, and has only quotient
singularities. Then a general member S € | — Ky | is a normal surface with Du Val singularities.

Notation. Throughout this paper, we work over the field k = C of complex numbers. The symbol
1, denotes the group of nth roots of unity.
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2. T-singularities

T-singularities are by definition the quotient singularities of dimension 2 which admit a Q-Gorenstein
smoothing. We recall the classification of T-singularities from [KS88, Sec. 3] and establish some basic
results.

2.1 Q-Gorenstein deformations

Let X be a normal surface such that Kx is Q-Cartier. A deformation X' /(0 € S) of X over a germ
(0 € S) is Q-Gorenstein if locally analytically at each singular point P € X it is induced by an

2



SMOOTHABLE DEL PEZZO SURFACES WITH QUOTIENT SINGULARITIES

equivariant deformation of the canonical covering of P € X. This definition was originally proposed
by Kollar [Kol91] and the general theory is worked out in [Hac04, Sec. 3]. We only use the explicit
version in Sec. 2.2. We note that, if X has quotient singularities and S is a smooth curve, then a
deformation X/(0 € S) is Q-Gorenstein iff Ky is Q-Cartier.

2.2 Definition and classification of T-singularities

DEFINITION 2.1. [KS88, Def. 3.7] Let P € X be a quotient singularity of dimension 2. We say
P € X is a T-singularity if it admits a Q-Gorenstein smoothing. That is, there exists a Q-Gorenstein
deformation of P € X over a smooth curve germ such that the general fibre is smooth.

For n,a € N with (a,n) = 1, let 2(1,a) denote the cyclic quotient singularity (0 € A2/ 1)
given by
w, 2 ¢ (u,v) — (Cu, ).
The following result is due to J. Wahl [Wah81, 5.9.1], [LW86, Props. 5.7,5.9]. It was proved by
a different method in [KS88, Prop. 3.10].

PRrROPOSITION 2.2. A T-singularity is either a Du Val singularity or a cyclic quotient singularity of
the form d—}ﬂ(l,dna — 1) for some d,n,a € N with (a,n) = 1.

The singularity d—}lg(l7 dna — 1) has index n and canonical covering 4-(1, —1), the Du Val singu-
larity of type Agn_1. We have an identification

1
dn

where = u", y = v®™ and z = wv. Taking the quotient by u,, we obtain

(1,-1) = (zy = 29") C A3

x?y7z ’

1 dn 1
W(l,dna —1)=(zy=2") C E(l,—l,a).

Hence a Q-Gorenstein smoothing is given by
1
(zy = 2" +1) € —(1,—1,a) x A}.
n
More generally, a versal Q-Gorenstein deformation of d—}lg(l7 dna — 1) is given by

1
(wy = 2+t 2@ t0) © (1L —La) X Ay, - (1)
We call a T-singularity of the form #(17 dna — 1) a Ty-singularity.

PROPOSITION 2.3. Let (P € X)/(0 € S) be a Q-Gorenstein deformation of 713 (1,dna—1). Then the
possible singularities of a fibre of X /S are as follows: either A¢,_1,...,Ae,—1 O 61%(1, eina — 1),
Aecy—1,...,Ac,—1, where ey, ..., es is a partition of d.

Proof. The family X/S is pulled back from the versal Q-Gorenstein deformation (1). Hence each
fibre of X' /S has the form

1
(zy = 2"+ ag_12" D"+ ag) C 5(17 —-1,a)
for some ay,...,aq_1 € k. Write
Ldn 4 adilz(d—l)n +--+4ag= H(Zn — )¢

where the ~; are distinct. Then the fibre has singularities as described in the statement (the second
case occurs if 7; = 0 for some 7). O
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2.3 Noether’s formula

For P € X a T-singularity, let M be the Milnor fibre of a Q-Gorenstein smoothing. Thus (M, M) is
a smooth 4-manifold with boundary, and is uniquely determined by P € X since the Q-Gorenstein
deformation space of P € X is smooth. Let pp = bao(M), the Milnor number.

LEMMA 2.4. [Man91, Sec. 3] If P € X is a Du Val singularity of type A,, D,, or E,, then up = r.
If P € X is of type 5 (1,dna — 1) then up = d — 1.

Remark 2.5. If M is the Milnor fibre of a smoothing of a normal surface singularity P € X then
M has the homotopy type of a CW complex of real dimension 2 by Morse theory and by (M) =0
[GS83]. In particular the Euler number e(M) =1+ pup.

PROPOSITION 2.6. Let X be a projective surface with T-singularities. Then
KX +eX)+ Y pp=12x(Ox)
PeSing X
and
1
X(Ox(mkx)) = x(Ox) + gm(m — DK%
for m € Z.
In particular, if X is rational then
Kx+pX)+ > pp=10
PeSing X

and if —K x is big and nef then
1
hO(OX(—nK)()) =1+ in(n + 1)K§(
for n € Z)o.

Proof. For X a projective normal surface with quotient singularities there is a singular Noether
formula
KX +e(X)+ Y cp =12x(Ox)
P

where the sum is over the singular points P € X, and the correction term cp depends only on
the local analytic isomorphism type of the singularity P € X. (Indeed, let 7: X — X ‘be the
minimal resolution of X and Ej,...,E, the exceptional curves. Noether’s formula on X gives
Kf( +e(X) = 12x(Og). Write Ky = m*Kx + Y a;E; = m*Kx + A. Then K% = Kx + A%
e(X) = e(X) +n (by the Mayer—Vietoris sequence), and x(O¢) = x(Ox) (because X has rational
singularities). Hence K% + e(X) + (A% + n) = 12x(Ox).) Similarly, if D is a Weil divisor on X we
have a singular Riemann—Roch formula

X(Ox (D)) = x(Ox) + 3D(D — Kx) + 3 ep(D),

where the sum is over points P € X where the divisor D is not Cartier and the correction term
cp(D) depends only on the local analytic isomorphism type of the singularity P € X and the local
analytic divisor class of D at P € X [Bla95, 1.2].

For each T-singularity P € X, there exists a projective surface Y with a unique singularity
isomorphic to P € X and a Q-Gorenstein smoothing )/(0 € T') by Looijenga’s globalisation theorem
[Loo85, App.]. We use Y/T to compute the correction terms cp and cp(mKx). Let Y’ denote
the general fibre. We have K2, = K%, x(Oy/) = x(Oy), and e(Y’) = e(Y) + pp (because the
Milnor fibre of the smoothing has Euler number 1 + pup). Hence K2 + e(Y) + up = 12x(Oy), so
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cp = pp. The Riemann—Roch formula for the line bundle Oy (mKy+) on Y’ gives x(Oy'(mKy+)) =

X(Oy/) + 2m(m—1)K2,. We have x(Oy/(mKy)) = x(Oy (mKy)) (because wgg;}T is flat over T' and
commutes with base change since Y /T is Q-Gorenstein). So x(Oy (mKy)) = x(Oy)+3m(m—1)K$

and cp(mKx) = 0.

Finally, if —Kx is nef and big then H'(Ox(—nKx)) = 0 for i > 0 and n > 0 by Kawamata—
Viehweg vanishing, so h’(Ox(—nKx)) =1+ 3n(n + 1)K%, as required. O

COROLLARY 2.7. Let X be a projective surface with T-singularities and X' a fibre of a Q-Gorenstein
deformation X /(0 € T) of X over a smooth curve germ. Then e(X) = e(X') iff at each singular
point P € X, the deformation is either locally trivial or a deformation of a Ty-singularity to an
Ag4_1 singularity.

Proof. This follows immediately from Props. 2.3 and 2.6. O

2.4 Minimal resolutions of T-singularities

Given a cyclic quotient singularity (1,a), let [b1,...,b,] be the expansion of n/a as a Hirzebruch-
Jung continued fraction [Ful93, p. 46]. Then the exceptional locus of the minimal resolution of
%(1, a) is a chain of smooth rational curves with self-intersection numbers —by, ..., —b,. The strict
transforms of the coordinate lines (v = 0) and (v = 0) intersect the right and left end components
of the chain respectively.

Remark 2.8. Note that [by, ..., b1] corresponds to the same singularity as [b, ..., b,] with the roles
of the coordinates u and v interchanged. Thus, if [b1,...,b.] = n/a then [b,,...,b;] = n/a’ where
a’ is the inverse of a modulo n.

We recall the description of the minimal resolution of the cyclic quotient singularities of class T
due to J. Wahl. Let a T;-string be a string [by, ..., b,;] which corresponds to a Ty-singularity.

PROPOSITION 2.9. [KS88, Prop. 3.11], [Man91, Thm. 17]

(1) [4] is a Th-string and, for d > 2, [3,2,...,2,3] (where there are (d — 2) 2’s) is a Ty-string.
(2) If[by,...,b] is a Ty-string, then so are [by + 1,bo,...,b,,2] and [2,b1,..., b, + 1].
(3) For each d, all Ty-strings are obtained from the example in (1) by iterating the steps in (2).

3. Unobstructedness of deformations

ProprosITION 3.1. Let X be a projective surface with log canonical singularities such that —Kx
is big. Then there are no local-to-global obstructions to deformations of X. In particular, if X has
T-singularities then X admits a Q-Gorenstein smoothing.

Proof. The local-to-global obstructions to deformations of X lie in H?(Tx ), where Tx = Hom(Qx, Ox)
is the tangent sheaf of X. This follows from either a direct cocycle computation (cf. [Wah81,
Prop. 6.4]) or the theory of the cotangent complex [[1171, 2.1.2.3]. Since H2(Tx) = Hom(Tx, Ox(Kx))*
by Serre duality, it suffices to show Hom(Tx, Ox (Kx)) = 0, or, equivalently, Hom(Ox (—Kx), Q%’) =
0. If L ¢ Q% is a rank one reflexive subsheaf, then the Kodaira-Titaka dimension x(X,L) < 1 by
Bogomolov-Sommese vanishing for log canonical varieties [GGKO08, Thm. 1.4]. So —Kx big implies
that Hom(Ox(—Kx), %) = 0 as required.

O
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4. Toric surfaces

THEOREM 4.1. The projective toric surfaces with T-singularities and Picard rank 1 are as follows.
There are 14 infinite families (1), ..., (8.4) which we list in the tables below. In cases (1),...,(4), the
surface X is a weighted projective plane P(wg, w1, ws), and the weights wy, wy,ws are determined
by a solution (a, b, ¢) of a Markov-type equation. In the remaining cases, the surface X is a quotient
of one of the above weighted projective planes Y by p, acting freely in codimension 1. The action
is diagonal with weights (mg, mi, m2), I.e.,

M 2 C: (X(),Xl,XQ) — (CmOXo,leXl,CmQXQ)

where X, X1, X2 are homogeneous coordinates on Y. We also record K)2< and the values of d = pu+1
for the singularities of X.

X | wy,wy,wy | Markov-type equation Kg( d
(1) | a®, 0%, | a® +b% + % = 3abe 9 1,1,1
(2) | a%,b%,2¢? | a® + b +2¢® = 4abc | 8 1,1,2
(3) | a%,2b%,3c% | a® + 2b% + 3¢ = 6abc | 6 1,2,3
(4) | a®,b%,5¢% | a®> + b* +5c% = babe | 5 1,1,5
X Y e mo, M1, Mo Kgg d
) |12 |2 |o1,-1 4 2,24
(6.1) | (1) |3 0,1,-1 3 3,3,3
(6.2) | (3) |2 0,1,—-1 3 1,2,6
(71| (2) |4 |o0,1,1 2 |1,1,8
(72) | (2) |4 |o0,1,—1 2 2,44
(7.3) | (3) |3 0,1,-1 2 1,3,6
81)|(1) |9 |o0,1,-1 1 |1,1,9
82)|(2) |8 |0,1,—1 1 1,2,8
(83)|(3) |6 0,1,-1 1 2,3,6
(84)|(4) |5 |o0,1,-1 1 |1,55

Remark 4.2. With notation as above, let X% € X be the smooth locus and p°: Y — X0 the
restriction of the cover Y — X. Then p° is the universal cover of X°. In particular m (X°) is cyclic
of order e.

The solutions of the Markov-type equations in Thm. 4.1 may be described as follows [KN9S8,
3.7]. We say a solution (a,b,c) is minimal if a + b + ¢ is minimal. The equations (1),(2),(3) have
a unique minimal solution (1,1,1), and (4) has minimal solutions (1,2,1) and (2,1,1). Given one
solution, we obtain another by regarding the equation as a quadratic in one of the variables, ¢ (say),
and replacing ¢ by the other root. Explicitly, if the equation is aa? + 3b® 4+ v = Aabc, then

(a,b,c) — (a,b, 2@1) —c). (2)

6
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This process is called a mutation. Every solution is obtained from a minimal solution by a sequence
of mutations.

For each equation, we define an infinite graph I' such that the vertices are labelled by the
solutions and two vertices are joined by an edge if they are related by a mutation. For equation (1),
I" is an infinite tree such that each vertex has degree 3, and there is an action of S3 on I' given by
permuting the variables a, b, c. The other cases are similar, see [KN98, 3.8] for details.

Proof of Theorem 4.1. Let X be a projective toric surface such that X has only T-singularites and
p(X) = 1. The surface X is given by a complete fan ¥ in Nz ~ R?, where N ~ Z? is the group of
1-parameter subgroups of the torus. The fan 3 has 3 rays because p(X) = 1. Let vy, v1,v2 € N be
the minimal generators of the rays. There is a unique relation

wovo + w1v1 + wavg =0

where wg, w1, wy € N are pairwise coprime. Let Ny C N denote the subgroup generated by vg, v1, va.
Let p: Y — X be the finite toric morphism corresponding to the inclusion Ny C N. Then Y is
isomorphic to the weighted projective plane P(wq, w1, w2) and p is a cyclic cover of degree e =
|N/Ny| which is étale over the smooth locus X° C X. The surface Y has only T-singularities
because a cover of a T-singularity which is étale in codimension 1 is again a T-singularity (this
follows easily from the classification of T-singularities).

The surface X has 3 cyclic quotient singularities of class T'. Let the singularities of X be
ﬁ(l,dmiai —1) for ¢ = 0,1,2. Then

d0+d1+d2+K§(:12 (3)

by Prop. 2.6. The singularities of X are quotients of the singularities — (w1, ws), —(wq,ws),

wo

b w1
w%(wo,wl) of Y by p,. Hence din? = ew;. Also K¢ = eK% because p: Y — X has degree
e and is étale in codimension 1. Let H be the ample generator of the class group of Y. Then
Ky ~ —(wo + w1 +we)H, and H? = m We deduce that

dong + dln% + dgn% =4/ Kg(dodldg - non1Nng. (4)

VELdodrdy = /(12 = Y di)dpdads € Z
We compute all triples d = (dy, di, d2) satisfying this condition. They are as listed in the last column
of the tables above.

We first treat the cases d = (1,1,1), (1,1,2), (1,2,3), and (1,1,5). These are the cases for which
Kg{ > 5. Since K}Q/ = ngf < 9 by Prop. 2.6 we deduce that e = 1. Thus X is isomorphic to a
weighted projective plane. The weights d;n? are determined by the solution (ng, n1, n2) of (4), which
is the Markov-type equation given in the statement. Conversely, we check that for any solution of (4)
the weighted projective plane X = ]P’(dgng, dln%,dgn%) has T-singularities and the expected value
of d. We use the description of the solutions of (4) given above. We write \ = \/Kg(dodldg, and

note that dpd;dy divides A in each case. By induction using (2) we find that ng,n, ne are pairwise
coprime and ged(n;, d%) = 1 for each i. In particular, the dmz2 are pairwise coprime. Now consider

In particular

the singularity Klﬁ(dln%, dan3). We have
0

dln% + d2n§ = Angniny mod don%

by (4), and so ged(din? + dan3, dond) = dong because gcd(d—’\onlng, no) = 1. Thus this singularity is
of type Ty,.
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For the remaining values of d, we determine the degree e of the cover p: Y — X as follows. We
have e = gcd(don%, dln%, dgn%). By inspecting the equation (4) we find a factor of e, and, together
with the inequality eK?2 = K%, < 9, this is sufficient to determine e in each case. For example, let
d = (1,2,8). Then we find that ng is divisible by 4 and n; is even, so e is divisible by 8, hence equal
to 8. In each case we have K%, > 5, s0 Y is one of the surfaces classified above.

We now classify the possible actions of p, on the covering surface Y. We have Y = P(don3, din?, dan3)
where d = dy = (1,1,1),(1,1,2),(1,2,3), or (1,1,5), and (ng, n1,n2) is a solution of (4). The action
is given by

e 3 C: (Xo, X1, Xo) = (¢ X0, (™ X1, (" X3)
where Xy, X1, X2 are the homogeneous coordinates on the weighted projective plane Y. In each
case don% = n% is coprime to e. So we may assume that mg = 0. We may also assume that m; =1
(because the action is free in codimension 1). Consider the singularity Py € X below (1:0:0) € Y.
This singularity admits a covering by 2(1,ms) (which is étale in codimension 1). Hence 1(1,my) is
a T-singularity. If e is square-free, it follows that mgy = —1. If e = 4, then my = £1. If e = 8 then
dy = (1,1,2) and dx = (1,2,8), so we may assume that Py € X is a Tg-singularity (note that a
pg-quotient of a Th-singularity cannot be a Tg-singularity). Thus Py € X is covered by %(1, —1) and
so mg = —1. Similarly if e = 9 then dy = (1,1,1) and dx = (1,1,9), so we may assume that Py € X
is a Ty-singularity, and mo = —1. This gives the list of group actions above. Finally, it remains to
check that for each such quotient X =Y/ p,, the surface X has T-singularities with the expected
values of d. This is a straightforward toric calculation, so we omit it. O

5. Surfaces with a D or E singularity

A log del Pezzo surface is a normal projective surface X such that X has only quotient singularities
and — K x is ample.

THEOREM 5.1. Let X be a log del Pezzo surface such that p(X) = 1, and assume that dim | — K x| >

1.

(1) If X has a Du Val singularity of type E then Kx is Cartier.

(2) If X has a Du Val singularity of type D then either Ky is Cartier or there is a unique non
Du Val singularity of type %(1, 1) for some m > 3.

Moreover, in both cases, a general member of | — K x| is irreducible and does not pass through the
Du Val singularities.

Proof. Assume that X has a D or E singularity P € X and Kx is not Cartier. Let v: X — X be
the minimal resolution of the non Du Val singularities of X and write P = v=1(P). So X has only
Du Val singularities and P € X is a D or E singularity. Let {E;} be the exceptional curves of v
and write £ = > E;.

Write | — K ¢| = |M| 4 F where F is the fixed part and M is general in |M|. We have an equality

KX =1v'Kx —{—ZalEl
where a; < 0 for all i because v is minimal and we only resolve the non Du Val singularities [KM98,
Lem. 3.41]. Hence dim | — K¢| = dim | — Kx| and F' > E.

We run the minimal model program on X. We obtain a birational morphism ¢: X — X such
that X has Du Val singularities and exactly one of the following holds.

(1) K is nef.
(2) p(X) =2 and there is a fibration ¢: X — P! with K+ - f <0 for f a fibre.

8
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(3) p(X) =1 and —K= is ample.
Clearly K+ is not nef because dim | — K| > dim | — K¢| > 1.

In the minimal model program for surfaces with Du Val singularities, the birational extremal
contractions are weighted blowups f: X — Y of a smooth point P € Y with weights (1,n) for some
n € N. In particular the exceptional divisor £ C X is a smooth rational curve and passes through
a unique singularity of X which is of type %(1, —1) = A,—1. See [KM99, Lem. 3.3].

Therefore, the birational morphism ¢ is an isomorphism near the D or E singularity P e X and
E := ¢,E is contained in the smooth locus of X. Note also that £ # 0 because p(X) = 1 and X
has a non Du Val singularity.

Suppose first we are in case (3). We have —K+ ~ M + F where M := ¢,M is mobile and
F := ¢.F > E. In particular, Pic(X) is not generated by —Kv because M + F > E and E is
Cartier. Hence X is isomorphic to P2 or P(1,1,2) by the classification of Gorenstein log del Pezzo
surfaces [Dem80]. (Indeed, if Y is a Gorenstein del Pezzo surface, let f: ¥ — Y be the minimal
resolution. Then either Y is isomorphic to P? or P(1,1,2), or Y is obtained from P? by a sequence
of blowups. In the last case, let C C Y be a (—1)-curve. Then

Ky f.C=fKy -C=Ky -C=-1.
It follows that —Ky is a generator of PicY if p(Y) = 1.) So X does not have a D or E singularity,

a contradiction.

So we are in case (2). Write p = v o ¢: X — P! The divisor E has a p-horizontal component,
say E7 (because p(X) = 1 so there does not exist a morphism X — P!). If f is a general fibre of p
then

2=-Kgy-f>2FE-f>1
If By - f =1 then all fibres of 1 are reduced (because E is contained in the smooth locus of X), so

X is smooth [KM99, Lem. 11.5.2], a contradiction. So Ej - f = 2. Then (M + (F — Ey)) - f =0, so
M and F — E; are p-vertical. In particular M is basepoint free and E; has coefficient 1 in F'. Since

222—2pa(E1):—(K)A(—FEl)-El:<M—|—(F—E1)>-E12M-E122,

we find M - Ey =2 and (F — Ey) - E1 = 0. Thus M is a fibre of ¢ and the divisors M + F; and
F — E; have disjoint support. But M + F ~ —K ¢ is connected because

HY (O4(-M - F)) = H'(Kg) = H(03)* =0.

Hence F = E = FEj. In particular, X has a unique non Du Val singularity of type %(1, 1) (where
E? = —m). Also, a general member of | — Kx| is irreducible and does not pass through any Du Val
singularities. Finally X does not have a singularity of type E by the classification of fibres of P!
fibrations with Du Val singularities [KM99, Lem. 11.5.12]. So X does not have an E singularity.

If Kx is Cartier then a general member of | — Kx| is smooth and misses the singular points by
[Dem80)]. O

6. Surfaces of index < 2

Alexeev and Nikulin classified log del Pezzo surfaces X of index < 2 [ANO06]. They prove that
X is a Z/27 quotient of a K3 surface and use the Torelli theorem for K3 surfaces to obtain the
classification. In this section, we deduce the index < 2 case of our main theorem from their result.
We note that the quotient singularities of index < 2 are the Du Val singularities and the cyclic
quotient singularities of type 4—1d(1, 2d — 1), see [ANOG]. In particular, they are T-singularities.
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PROPOSITION 6.1. Let X be a log del Pezzo surface of index < 2 such that p(X) = 1. Then exactly
one of the following holds.

(1) X is a Q-Gorenstein deformation of a toric surface.

(2) X has either a D singularity, an E singularity, or > 4 Du Val singularities.

Proof. We first observe that the two conditions cannot both hold. If X is a Q-Gorenstein deformation
of a toric surface Y, then necessarily p(Y) = 1 and Y has only T-singularities. In particular, ¥ has
at most 3 singularities. Moreover, since the deformation preserves the Picard number, the only
possible non-trivial deformation of a singularity of Y is a deformation of a Ty singularity to a Aq_1
singularity by Cor. 2.7. Finally, note that Y does not have a D or E singularity because Y is toric.
Hence X has at most 3 singularities and does not have a D or E singularity.

We now use the classification of log del Pezzo surfaces of index < 2 and Picard rank 1 [AN06,
Thms. 4.2,4.3]. We check that each such surface X which does not satisfy condition (2) is a defor-
mation of a toric surface Y. By [AN06], X is determined up to isomorphism by its singularities. So
it suffices to exhibit a toric surface Y such that p(Y) = 1 and the singularities of X are obtained
from the singularities of Y by a Q-Gorenstein deformation which preserves the Picard number. We
list the surfaces Y in the tables below. O

In the following tables, for each log del Pezzo surface X of Picard rank 1 and index < 2 such
that X does not satisfy condition (2) of Prop. 6.1, we exhibit a toric surface Y such that X is a
Q-Gorenstein deformation of Y. We give the number of the surface X in the list of Alexeev and
Nikulin [ANO06, p. 93-100]. We use the description of the toric surfaces Y given in Thm. 4.1. We give
the number of the infinite family to which Y belongs and the solution (a,b,c) of the Markov-type
equation corresponding to Y. We record the value of d = u + 1 for each singularity in the last
column of the table.

X | Sing X Y Sing Y’ d

1 (1), (1,1,1) 1,1,1
2 | A4 2), (1,1,1) | 4 1, 1,2
5 A, Ay (3), (1,1,1) | Ay, Ay 1,2,3
6 Ay (4), (1,2,1) | 3(1,1), A4 1,1,5
b | 241, Az (5), (1,1,1) | 244, A3 2,24
8b | Ay, As (6.2), (1,1,1) | 2(1,1), Ay, As 1,2,6
8c | 34, (6.1), (1,1,1) | 34, 3,3,3
9%b | A; (7.1), (1,1,1) | 24(1,1), 47 1, 1,8
9c | As, As (7.3), (1,1,1) | 5(1,2), A, As 1,3, 6
9d | A, 243 (7.2), (1,1,1) | £(1,3), 243 2, 4,4
10b | Ag (8.1), (1,1,1) | 24(1,2), As 1,1,9
10c | Ay, A7 (8.2), (1,1,1) | 15(1,3), £(1,3), 47 | 1,2,8
10d | Ay, As, As (8.3), (1,1,1) | 15(1,5), 15(1,5), A5 |2,3,6
10e | Ay, Ay (8.4), (1,2,1) | (1,9), 5(1,9), Ay | 1,5,5
11 | 3(1,1) 1, (1,1,2) 1(1,1) 1,1,1
15 | 2(1,1), A4 4, (1,2,1) 1(1,1), Ay 1,1,5
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X | Sing X Y Sing Y’ d

18 | 7(1,1), 41, A5 | 6.2, (1,1,1) 1(1,1), Ay, As 1,2, 6
19 | 3(1,1), 47 7.1, (1,1,1) 23(1,1), 47 1,1,8
21 %(1,3), A, 3, (1,2,1) 5(1,3), A, 1,2, 3
25 | 2%(1,1), A7 7.1, (1,1,1) 21(1,1), Az 1,1,8
26 %(1,3), 243, 7.2, (1,1,1) %(1,3), 245 2,4, 4
27 | §(1,3), Ay 8.2, (1,1,1) | (1,3), £(1,3), A7 |1,2,8
30 | 5(1,5), 24, 6.1, (1,1,2) +(1,5), 245 3,3,3
33 | Ay, $5(1,5), 45 | 83, (1,1,1) | ££(1,5), 15(1,5), A5 |2,3,6
40 | 55(1,9) 4,(1,3,2) $(1,2), 5(1,9) L 1,5
44 | £(1,9), Ay 8.4, (1,2,1) =(1,9), 55(1,9), Ay | 1,5,5
46 | As, 54(1,11) 7.3, (1,2,1) 5(1,2), Ay, 52(1,11), | 1, 3, 6
50 | 55(1,17) 8.1, (2,1,1) 25(1,2), 5(1,17) 1,1,9

7. Existence of special fibrations

Let X be a log del Pezzo surface such that p(X) =1 and let 7: X — X be its minimal resolution.
We show that, under certain hypotheses, X admits a morphism p: X — P! with general fibre a
smooth rational curve such that the exceptional locus of 7 has a particularly simple form with
respect to the ruling p. When X has only T-singularities (and satisfies the hypotheses), we use this
structure to construct a toric surface Y such that X is a Q-Gorenstein deformation of Y, see Sec. 8.

We first establish the existence of a so called 1-complement of Kx. We recall the definition
and basic properties. For more details and motivation, see [Kol92, Sec. 19], [Pro01]. Let X be a
projective surface with quotient singularities. A 1-complement of Kx is a divisor D € | — Kx|
such that the pair (X, D) is log canonical. In particular, by the classification of log canonical
singularities of pairs [KM98, Thm. 4.15], D is a nodal curve, and, at each singularity P € X,
either D = 0 and P € X is a Du Val singularity, or the pair (P € X, D) is locally analytically
isomorphic to the pair (1(1,a), (wv = 0)) for some n and a. Moreover D has arithmetic genus 1
because 2p,(D) —2 = (Kx + D) - D = 0 (note that the adjunction formula holds because Kx + D
is Cartier [Kol92, 16.4.3]). Thus D is either a smooth elliptic curve or a cycle of smooth rational
curves.

THEOREM 7.1. Let X be a log del Pezzo surface such that p(X) = 1. Assume that dim | — Kx| > 1
and every singularity of X is either a cyclic quotient singularity or a Du Val singularity. Then there
exists a 1-complement of K x, i.e., a divisor D € | — K x| such that the pair (X, D) is log canonical.

Proof. Write —Kx ~ M + F where M is an irreducible divisor such that dim|[M| > 0 and F is
effective (we do not assume that F' is the fixed part of | — Kx|). Let M be general in |M]|.
Suppose first that (X, M) is purely log terminal (plt). Then M is a smooth curve. We may
assume that F' # 0 (otherwise M is a l1-complement). Then —(Kx + M) ~ F is ample (because
p(X) = 1). Recall that for X a normal variety and S C X an irreducible divisor the different
Diff¢(0) is the effective Q-divisor on S defined by the equation
(Kx + S)|s = Ks + Diff5(0).

That is, Diffg(0) is the correction to the adjunction formula for S C X due to the singularities of
X at S. See [Kol92, Sec. 16]. If S is a normal variety and B is an effective Q-divisor on S with

11
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coefficients less than 1, a 1-complement of Kg + B is a divisor D € | — Kg| such that (S, D) is log
canonical and D > [2B]. By [Pro01, Prop. 4.4.1] it’s enough to show that Kjs + Diff5/(0) has a
1-complement.

The curve M is smooth and rational and deg(K s + Diff3,(0)) < 0 because
2pa(M) — 2 < deg(K s + Diff 3, (0)) = (Kx + M) - M = —F - M < 0.
Moreover, at each singular point P; of X on M, the pair (X, M) is of the form (m%(l, a;), (x = 0)),

and
1
Diff5,(0) = 1—— | P
0 =3 (1)

by [Kol92, 16.6.3]. So, if K s + Diff5/(0) does not have a 1-complement, then, by [Kol92, Cor. 19.5]
or direct calculation, there are exactly 3 singular points of X on M, and (m1,mgy, m3) is a Platonic
triple (2,2, m) (for some m > 2), (2,3,3), (2,3,4), or (2,3,5). The divisor F' passes through each
singular point P; because F' ~ —(Kx + M) is not Cartier there. So F'- M > L "and

m;’

0= (Kx +M+F) M= deg(Ky + Diff5(0)) + F - M > 1,

a contradiction.

Now suppose that the pair (X, M) is not plt, and let ¢ be its log canonical threshold, i.e.,
c=sup{t € Qx| (X,tM) is log canonical }.

Then there exists a projective birational morphism f: Y — X with exceptional locus an irreducible
divisor E such that the discrepancy a(E, X,cM) = —1 and (Y, E) is plt. See [Pro01, Prop. 3.1.4].
So

Ky +cM'+ E = f*(Kx +cM)

where M’ is the strict transform of M. Now
—(Ky + E) =cM' — f*(KX + CM)

is nef (note M' is nef because it moves). Moreover —(Ky + E) is big unless M"? = 0 and K x +cM ~q
0, in which case ¢ =1, F =0, and M is a 1-complement. So we may assume —(Ky + FE) is nef and
big. Thus, by [Pro01, Prop. 4.4.1] again, it’s enough to show that Kz+Diff (0) has a 1-complement.
Suppose not. Then E passes through 3 cyclic quotient singularities on Y as above. Let Y — Y be
the minimal resolution of Y, E’ the strict transform of F, and consider the composition g: Y - X.
Let P € X be the point f(E). Then g~!(P) is the union of E’ and 3 chains of smooth rational
curves (the exceptional loci of the minimal resolutions of the cyclic quotient singularities), and E’
meets each chain in one of the end components. Let —b; be the self-intersection number of the end
component F; of the ith chain that meets E’. Then b; < m; where m; is the order of the cyclic
group for the ith quotient singularity. If we contract the F; and let E' denote the image of E’, then

_9 1 1
0>FE :E’2+ZE2E’2+ZE>E’2+1.
(3 1

Hence E?> < —2 and g is the minimal resolution of X. So P € X is a D or E singularity by our
assumption. But P € X is a basepoint of | — K x|, so this contradicts Thm. 5.1. O

We describe the types of degenerate fibres which occur in the ruling we construct. We first
introduce some notation.

DEFINITION 7.2. Let a,n € N with a < n and (a,n) = 1. We say the fractions n/a and n/(n — a)
are conjugate.

12
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LEMMA 7.3. If[by,...,b;] and [c1, ..., cs] are conjugate, then so are [by+1, b, ..., b.] and [2,¢1,. .., cs.
Conversely, every conjugate pair can be constructed from [2],[2] by a sequence of such steps. Also,
if [b1,...,b;] and [c1,...,cs| are conjugate then so are [by,...,b1] and [cs, ..., c1].

Proof. If [b1,...,b;] = n/a and [c1,...,cs] = n/(n — a) then [by + 1,ba,...,b;] = (n+ a)/a and
[2,c1,...,¢5] = (n+ a)/n. The last statement follows immediately from Rem. 2.8. O

PROPOSITION 7.4. Let S be a smooth surface, T a smooth curve, and p: S — T a morphism with
general fibre a smooth rational curve. Let f be a degenerate fibre of p. Suppose that f contains a
unique (—1)-curve and the union of the remaining irreducible components of f is a disjoint union
of chains of smooth rational curves. Then the dual graph of f has one of the following forms.

) F—— e —
(II) Cg %1 HC->2 18 bos
° g C2’

Here the black vertex denotes the (—1)-curve and a white vertex with label a > 2 denotes a smooth
rational curve with self-intersection number —a. In both types the strings [a1, . . .,a,] and [by, ..., bs]
are conjugate. In type (II) there are t (—2)-curves in the branch containing the (—1)-curve.

Conversely, any configuration of curves of this form is a degenerate fibre of a fibration p: S — T
as above.

Proof. The morphism p: S — T is obtained from a P'-bundle F — T by a sequence of blowups.
The statements follow by induction on the number of blowups. O

We refer to the fibres above as fibres of types (I) and (7). We also call a fibre of the form
(0) N 2 . 2 .

¢} ¢}

a fibre of type (O).

Remark 7.5. The curves of multiplicity one in the fibre are the ends of the chain in types (O) and
(I) and the ends of the branches not containing the (—1)-curve in type (I1). In particular, a section
of the fibration meets the fibre in one of these curves.

THEOREM 7.6. Let X be a log del Pezzo surface such that p(X) = 1. Assume that dim | — Kx| > 1
and every singularity of X is either a cyclic quotient singularity or a Du Val singularity. Let m: X —
X be the minimal resolution of X. Then one of the following holds.

(1) There exists a morphism p: X — P! with general fibre a smooth rational curve satisfying one
of the following.

(a) Exactly one component E of the exceptional locus of 7 is p-horizontal. The curve E; is a
section of p. The fibration p has at most two degenerate fibres and each is of type (I) or
(I1).

(b) Exactly two components E\, Ey of the exceptional locus of 7 are p-horizontal. The curves
El, EQ are sections of p. Either El and Eg are disjoint and p has two degenerate fibres of
types (O) and either (I) or (II), or Ey - By = 1 and p has a single degenerate fibre of type
(O). The sections E1 and Ey meet distinct components of the degenerate fibres.

13
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(2) The surface X has at most 2 non Du Val singularities and each is of the form X(1,1) for some
m = 3.

Proof. Assume that K x is not Cartier. As in the proof of Thm. 5.1, let v: X — X be the minimal
resolution of the non Du Val singularities, {F;} the exceptional divisors, and F = ) E;. Write
| — K¢| = |M|+ F where F is the fixed part and M € |M] is general. Then F' > E and dim |M| =
dim|— Kx| > 1.

We run the MMP on X. We obtain a birational morphism ¢: X — X such that X has Du Val
singularities and either p(X) = 2 and there is a fibration ¢: X — P! such that — K+ is y-ample or
p(X) =1 and —K~ is ample. Moreover, ¢ is a composition

X=X 2 x, 2 . "X, =X
where ¢; is a weighted blowup of a smooth point of X; ;1 with weights (1,n;) (by the classification
of birational extremal contractions in the MMP for surfaces with Du Val singularities).

Claim 7.7. Given ¢: X — X, we can direct the MMP so that the components of E contracted by
¢ are contracted last. That is, for some 1 < m < n, the exceptional divisor of ¢; is (the image of)
a component of F iff ¢ > m.

Proof. We have K¢ = v*Kx + ) a;F; where —1 < a; < 0 for each i. Write A = > (—a;)E;. So
v*Kx = K¢+A and A is an effective divisor such that |[A] = 0 and Supp A = E. Hence —(K ¢ +A)
is nef and big and (X' ,A) is Kawamata log terminal (klt). These properties are preserved under the
K ¢-MMP.

Let R = > R; be the sum of the ¢-exceptional curves that are not contained in E and R’ C R
a connected component. Then R’ - E > 0 (otherwise v is an isomorphism near R’ which contradicts
p(X) = 1). Let R; be a component of R such that R; - E > 0. Then (K4 + A) - R; < 0 and
R;-A>0.50 Ky -R; <0, and we can contract R; first in the K ;-MMP. Repeating this procedure,

we contract all of R, obtaining a birational morphism X - X Finally we run the MMP on X/
over X to contract the remaining curves. O

Claim 7.8. We may assume p(X) = 2.

Proof. Suppose p(X) = 1. Write M = ¢, M, etc. Then — K ~ M + F, F > E > 0, and E is
contained in the smooth locus of X. Thus, as in the proof of Thm. 5.1, — K+ is not a generator
of PicX, so X ~ P2 or X ~ P(1,1,2) by the classification of log del Pezzo surfaces with Du Val
singularities. In particular, it follows that £ has at most 2 components.

Suppose first that ¢ does not contract any component of E. Then E has at most 2 components.
So, either we are in case (2), or E = E1 + FEy, E1 N Ey #(, X ~P? and M, Ey1, E5 ~ [, where [ is
the class of a line. In this case p(X) = p(X)+2 = 3,50 ¢: X — X is a composition of two weighted
blowups of weights (1,71), (1,n2). These must have centres two distinct points Py € Eq1, P» € Eo,
and in each case the local equation of F; is a coordinate with weight n; (because E; is contained in
the smooth locus of X ). Let l12 be the line through P; and P». Then these blowups are toric with
respect to the torus Y\ lis + F1 + E-. We find that the minimal resolution X is a toric surface

with boundary divisor a cycle of smooth rational curves with self-intersection numbers
—2,...,-2,-1,—(np —1),—(ng —1),-1,-2,...,-2,—1

where E; and Ey are the curves with self-intersection numbers —(ny — 1), —(ng — 1), the first two
(—1)-curves are the strict transforms of the exceptional curves of the blowups of P; and Ps, the last
(—1)-curve is the strict transform of l;2, and the chains of (—2)-curves are the exceptional loci of
the resolutions of the singularities of X and have lengths (n; — 1) and (ng — 1). In particular, there

14
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is a fibration p: X — P! with two degenerate fibres of types —1,—2,...,—2,—1 (where there are
(ng — 1) (—=2)-curves) and —2,...,—2,—1, —(n; — 1) (where there are (n; — 2) (—2)-curves), and
two m-exceptional sections with self-intersection numbers —(ny — 1) and —2. So we are in case (1b).

Now suppose ¢ contracts some component of E. Then ¢,: X, — X,41 = X is an (ordinary)
blowup of a smooth point @ € X. If X ~ P? then X,, ~ F; and there is a fibration 9: X,, — P'.
So we may assume p(X) = 2. If X ~ P(1,1,2), the quadric cone, let L be the ruling of the cone
through Q. Then the strict transform L’ of L on X, satisfies Kx, - L' < 0 and L' 2 < 0. Contracting
L we obtain a morphism ¢/, : X,, — X ~ P2. So, replacing ¢, by ¢/, we may assume X ~ P2. [J

We now assume p(X) = 2. We have a diagram

X ¥, P!

where : X — X is the minimal resolution. Let [ be a general fibre of p and E the strict transform
of E on X. Note that, by construction, the components of the exceptional locus of 7 over Du Val
singularities are contained in fibres of p. Write | — Kg| = |M| + F where F is the fixed part and
M € |M]| is general. Then F > E.

There is a 1-complement of Kx by Thm. 7.1. This can be lifted to X. (Indeed if Dis a 1-
complement of K, define D by K+ D = 7*(Kx + D) and m,D = D. Note that D is an effective
Z-divisor because Ky is m-nef and Kx + D is Cartier. Then D is a 1-complement of K ;.) Hence
(X M+ F ) is log canonical. In particular, F is reduced and M + F' is a cycle of smooth rational
curves.

There exists a p-horizontal component E; of E (because p(X) = 1). Then
I1SE - IS(F+M)-l=-Kg-1=2.

Suppose first that E - = 2. Then M and F — E; are p-vertical. Hence M ~ [ and F = Ej, so
E = E; and we are in case (2).

Suppose now that E; -1 = 1. Since ,u,(E’l) is contained in the smooth locus of X, the fibres of
have multiplicity 1, so ¢ is smooth by [KM99, Lem. 11.5.2]. Thus X ~ [F,, for some n > 0.

If F, is the only p-horizontal component of E we are in case (1a). Suppose there is another
p-horizontal component E2 Then, since —K ¢ -1 = 2, we have E2 l=1and M and F — E1 E2 are
contained in fibres of p. If M ~ 2[ then F E FEi + Ey and E; N Ey = () so we are in case (1b).
So we may assume M ~ [. Then the components of F' form a chain, with ends E; and Es.

We note that a component I' of a degenerate fibre of p that is not contracted by  is necessarily
a (—1)-curve, because K¢ = m"Kx — A where A is effective and m-exceptional, so

KX'P\W*K)(-F:K)(-TF*F<O.

Hence, since p(X) = 1, there exists a unique degenerate fibre of p containing exactly two (—1)-
curves, and any other degenerate fibres contain exactly one (—1)-curve. Let G denote the reduction
of the fibre containing two (—1)-curves.

If F = F; + F5 then El F> = 1 and any degenerate fibre of p consists of (—1)-curves and
(—2)-curves. It follows that G is of type (O) and there are no other degenerate fibres, so we are in
case (1b). So assume F > E; + F5. Then E; N FEy = 0.
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Suppose first that G is the only degenerate fibre. Then F < G + E| + Eo. Write G = G/ + G
where G/ = F — Ey — Ey. So G is a chain of smooth rational curves. It follows that each connected
component of G” is a chain of smooth rational rational curves such that one end component is a
(=1)-curve adjacent to G’ and the remaining curves are (—2)-curves. We construct an alternative
ruling p’: X — P! with only one horizontal 7- exceptional curve by inductively contracting (—1)-
curves as follows. First contract the components of G”. Second, contract (—1)-curves in G’ until the
image of Ey or Fs is a (—1)-curve. Novv contract this curve, and continue contracting (—1)-curves
until we obtain a ruled surface X o~ F,,. Then M ~ [ is horizontal for the induced ruling p
Moreover, if C'is a p’-horizontal W—exceptlonal curve then C' ¢ G” by construction. Hence C' C F.
Thus there exists a unique such C, and C' is a section of p’. So we are in case (1a).

Finally, suppose there is another degenerate fibre of p, and let V denote its reduction. Then V
contains a unique (—=1)-curve C'. The surface X has only cyclic quotient singularities by assumption.
Therefore V — C' is a union of chains of smooth rational curves. It follows that V is a fibre of type
(I) or (II). Now Ej - C = E5 - C = 0 because C has multiplicity greater than 1 in the fibre. So V
contains a component of F' (because 1 = -K;-C= (M+F)-C). Hence F — Ey — E5 < V (because
M + F is a cycle of rational curves and M ~ l). In particular, G consists of two (—1)-curves and
some (—2)-curves. Hence G is of type (O) and we are in case (1b). This completes the proof. [

8. Proof of Main Theorem

THEOREM 8.1. Let X be a log del Pezzo surface such that p(X) = 1 and X has only T-singularities.
Then exactly one of the following holds

(1) X is a Q-Gorenstein deformation of a toric surface Y, or

(2) X is one of the sporadic surfaces listed in Example 8.3.

Remark 8.2. Note that the surface Y in Thm. 8.1(1) necessarily has only T-singularities and p(Y') =
1. Thus Y is one of the surfaces listed in Thm. 4.1.

Ezample 8.3. We list the log del Pezzo surfaces X such that X has only T-singularities and p(X) = 1,
but X is not a Q-Gorenstein deformation of a toric surface. In each case X has index < 2. If X is
Gorenstein, the possible configurations of singularities are

Ds, Es, E7, A1Dg, 3A1Dy, Eg, Dg, A E7,

AQEG, 2A1D6, A3D5, 2D4, 2A12A3, 4A2
The configuration determines the surface uniquely with the following exceptions: there are two

surfaces for Fg, A1 F7, AsEg, and an Al of surfaces for 2D4. See [AN06, Thm 4.3]. If X has index
2, the possible configurations of singularities are

1
4
and the configuration determines the surface uniquely. See [ANOG, Thm 4.2].

~(1,1)Dg, = (1 1)2A1D6,4(1 1)A3Ds, ~ (1 1)2Dy,

Remark 8.4. Note that the case Kg( = 7 does not occur. This may be explained as follows. If X
is a del Pezzo surface with T-singularities such that p(X) = 1, then there exists a Q-Gorenstein
smoothing X' /T of X over T := Speck[[t]] such that the generic fibre Xk is a smooth del Pezzo
surface over K = k((t)) with p(Xx) = 1. (Indeed, if X /T is a smoothing of X over T', the restriction
map Cl(X) — Cl(Xk) = Pic(Xk) is an isomorphism because the closed fibre X is irreducible and
the restriction map Pic(X) — Pic(X) is an isomorphism because H'(Ox) = H?*(Ox) = 0. Thus
p(XKk) = p(X) = 1 with equality iff the total space X of the deformation is Q-factorial. Since there
are no local-to-global obstructions for deformations of X, there exists a Q-Gorenstein smoothing
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X /T such that P € X is smooth for P € X a Du Val singularity and P € X is of type %(1, —1,a)
for P € X a singularity of type #(1, dna — 1) (see Sec. 2.2). In particular, X' is Q-factorial.) Note
that K§(K = K%. If Y is a smooth del Pezzo surface with K2 = 7 over a field (not necessarily
algebraically closed) then p(Y) > 1, see, e.g., [Man86]. Hence there is no X with K% = 7.

Proof of Thm. 8.1. First assume that X does not have a D or E singularity. Note that dim |— K x| =
K)Q( > 1 by Prop. 2.6, so we may apply Thm. 7.6. We use the notation of that theorem.

Suppose first that we are in case (1la). We construct a toric surface Y and prove that X is a
Q-Gorenstein deformation of Y. We first describe the surface Y. Let Ef = —d. There is a uniquely
determined toric blowup py: Y — Fg; such that py is an isomorphism over the negative section
B C Fy, and the degenerate fibres of the ruling py: Y — P! are fibres of type (I) associated to
the degenerate fibres of p: X — P! as follows. Let f be a degenerate fibre of p of type (I) or (IT)
as in Prop. 7.4, and assume that E; intersects the left end component. If f is of type (I) then the
associated fibre fy of py has the same form. If f is of type (I1) then fy is a fibre of type (I) with
self-intersection numbers

ey —a1,—t —2,—b1, ..., —bs,—1,—d1,. .., —dy

Note that the sequence dj,...,d, is uniquely determined (see Prop. 7.4). In each case the strict
transform B’ of B again intersects the left end component of fy.

Let Y be the toric surface obtained from Y by contracting the strict transform of the nega-
tive section of F; and the components of the degenerate fibres of the ruling with self-intersection
number at most —2. For each fibre f of p of type (II) as above, the chain of rational curves with
self-intersections —dj,..., —d, in the associated fibre fy of py contracts to a T;;; singularity by
Lem. 8.5(1). This singularity replaces the A; singularity on X obtained by contracting the chain
of t (—2)-curves in f. In particular, the surface Y has T-singularities. Moreover p(Y) = 1, and
K}% = K% by Prop. 2.6. A Ty-singularity admits a Q-Gorenstein deformation to an A,_; singularity
(see Prop. 2.3). Hence the singularities of X are a Q-Gorenstein deformation of the singularities of
Y. There are no local-to-global obstructions for deformations of Y by Prop. 3.1. Hence there is a
Q-Gorenstein deformation X’ of Y with the same singularities as X. We prove below that X ~ X',

Let f be a degenerate fibre of p of type (II) as above and fy the associated fibre of py. Let
P €Y be the T-singularity obtained by contracting the chain of rational curves in fy with self-
intersections —dy, -+, —d,. Let X’ be the general fibre of a Q-Gorenstein deformation of Y over
the germ of a curve which deforms P € Y to an A; singularity and is locally trivial elsewhere.
Let Y — Y and X’ — X' be the minimal resolutions of the remaining singularities (where the
deformation is locally trivial). Thus Y has a single T-singularity and X' a single A; singularity. The
ruling py: Y — P! descends to a ruling Y — P! let A bea general fibre of this ruling. Then A
deforms to a O-curve A’ in X’ (because Hl(./\/A/Y) = H'(O,4) = 0) which defines a ruling X’ — P*.

Let X’ — X’ be the minimal resolution of X’ and consider the induced ruling pyx/: X’ — PL. Note
that the exceptional locus of Y — Y deforms without change by construction. Moreover, the (—1)-
curve in the remaining degenerate fibre (if any) of py also deforms. There is a unique horizontal
curve in the exceptional locus of wx : X' = X' ,and p(X’) = 1 by Prop. 2.6. Hence each degenerate
fibre of px/ contains a unique (—1)-curve, and the remaining components of the fibre are in the
exceptional locus of mx/. We can now describe the degenerate fibres of px-. If py has a degenerate
fibre besides fy, then pxs has a degenerate fibre of the same form. We claim that there is exactly
one additional degenerate fibre of px-, which is of type (I7) and has the same form as the fibre f
of p. Indeed, the union of the remaining degenerate fibres consists of the chain of rational curves
with self-intersections —ay, ..., —ay, —t—2,b1,...,bs (the deformation of the chain of the same form
in fy), the chain of (—2)-curves which contracts to the A; singularity, and some (—1)-curves. The
claim follows by the description of degenerate fibres in Prop. 7.4. If there is a second degenerate
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fibre of p of type (1) we repeat this process. We obtain a Q-Gorenstein deformation X' of Y with
minimal resolution 7y : X’ — X', and a ruling px/: X’ — P! such that the exceptional locus of
wx+ has the same form with respect to the ruling pxs as that of m with respect to p.

We claim that X ~ X’. Indeed, there is a smooth toric surface Z and, for each fibre f; of p
of type (II), an irreducible toric boundary divisor A; C Z and points P;, P/ in the torus orbit
0O; C A;, such that X (respectively X' ) is obtained from Z by successively blowing up the points
P; (respectively P/) t; + 1 times, where ¢; is the length of the chain of (—2)-curves in f;. It remains
to prove that we may assume P; = P/ for each i. Let T be the torus acting on Z and N its lattice
of 1-parameter subgroups. Let ¥ C Ng be the fan corresponding to X and v; € N the minimal
generator of the ray in ¥ corresponding to A;. Then T; = (N/(v;)) ® Gy, is the quotient torus of T'
which acts faithfully on A;. Thus, there is an element ¢ € T taking P; to P/ for each ¢ except in the
following case: there are two fibres of p of type (II), and v; + v = 0. In this case, there is a toric
ruling ¢: Z — P! given by the projection N — N/(v1). The toric boundary of Z decomposes into
two sections (given by A1, Ag) and two fibres of q. But one of these fibres (the one containing the
image of Ey C X) is a chain of rational curves of self-intersections at most —2, a contradiction.

Next assume that we are in case (1b). There is a ruling p: X — P! with two 7-exceptional
sections E; and Es. Suppose first that Fy N By = 0. Then there are two degenerate fibres of types
(O) and either (1) or (I1). We use the notation of Prop. 7.4. The exceptional locus of 7 consists of
the components of the degenerate fibres of self-intersection < —2 and the two disjoint sections E
and Es of p which meet the first fibre in the two (—1)-curves and the second fibre in the components
labelled —a, and —b respectively. If the degenerate fibres are of types (O) and (I) then X is toric.
So we may assume the degenerate fibres are of types (O) and (I1). Set E? = —a,, and E3 = —bg, 1.
Let m be the number of (—2)-curves in the fibre of type (O). Then X has singularities A,,, A¢, and
the cyclic quotient singularity whose minimal resolution has exceptional locus the chain of rational
curves with self-intersections —a,41,...,—ay, —(t +2), —=b1,..., —bsi1.

The ruling p: X — P! is obtained from a P'-bundle by a sequence of blowups. It follows that
m = ar41 + bsy1 — 2.

We construct a toric surface Y and prove that X is a Q-Gorenstein deformation of Y. The
minimal resolution of Y is the toric surface which fibres over P! with two degenerate fibres, one
of type (O) (where there are m (—2)-curves as above) and one of type (I) with self-intersection
numbers

—Qpy...,—01, *(t+ 2), —by,.. .,*bs+1, —1, *dl, con, —dy,

and two disjoint torus-invariant sections with self-intersection numbers —a,+; and —bs41 which
intersect the first fibre in the two (—1)-curves and the second in the end components labelled —a,
and —d,, respectively. Note that the sequence di,...,d, is uniquely determined. Note also that,
as above, the equality m = a,4+1 + bsy1 — 2 ensures that this does define a toric surface (it is
obtained as a toric blowup of a P!-bundle). The surface Y has singularities an A,, singularity
and the cyclic quotient singularities obtained by contracting the chains of smooth rational curves
with self-intersection numbers —a,y1,...,—a1, —(t +2),—b1,..., —bst1 and —dy, ..., —dy, —bst1.
This last singularity is of type T;4+; by Lem. 8.5(2). Hence the singularities of X are Q-Gorenstein
deformations of the singularities of Y — the first two singularities are not deformed, and the T} -
singularity is deformed to an A; singularity. Moreover, this deformation does not change the Picard
number. Let X’ be the general fibre of a 1-parameter deformation of X inducing this deformation
of the singularities. We show that X’ ~ X.

Let Y — Y and X’ — X’ be the minimal resolutions of the singularities we do not deform.
Thus Y has a single T;11 singularity given by contracting the chain of smooth rational curves with
self-intersection numbers —dy, ..., —d,, —bs+1 on Y. Let C; and Cy be the images of the (—1)-curves
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on Y incident to the ends of this chain. Then (1 and (5 are smooth rational curves meeting in
a node at the singular point. We claim that C' = Cy 4+ Cy deforms to a smooth (—1)-curve on X'
(not passing through the singular point). First, by Lem. 8.6 we have C? = —1. Second, we prove
that C' deforms. We work on the canonical covering stack q: Y > YofY. (Here, for a normal
Q-Gorenstein surface Z, the canonical covering stack is the Deligne-Mumford stack Z — Z with
coarse moduli space Z defined by the local canonical coverings of Z. That is, if P € Z is a point
of index n, and V — U is a canonical covering of a neighbourhood U of P with group G ~ Z/nZ,
then Z|y is isomorphic to [V/G] over U). Note that the deformation of Y lifts to a deformation of
Y (because it is a Q-Gorenstein deformation). Let C — C' be the restriction of the covering Y — Y.
The closed substack C C J> is a Cartier divisor. Hence the obstruction to deforming C C )> lies in
HY(N, )s Where A/, /3 is the normal bundle O5(C)|c. We compute that this obstruction group is
zero. Consider the exact sequence

where C; — C; are the restrictions of ¢ and @Q € Y is the point over the singular point P € Y.
Now push forward to the coarse moduli space Y. (Recall that if X is a Deligne-Mumford stack and
q: X — X is the map to its coarse moduli space, then locally over X the map ¢ is of the form
[U/G] — U/G where U is a scheme and G is a finite group acting on U. A sheaf F over [U/G]
corresponds to a G-equivariant sheaf F; over U, and ¢.F = (m.Fy)¢ where m: U — U/G is the
quotient map.) Let n be the index of the singularity P € Y. Then n > 1 and the u,, action on
Ney»®k(Q) is non-trivial. So g, (N 5 @k(Q)) = 0 and ¢ N 5 = © N 5lc; by the exact sequence

above. The sheaf Q*Nc/j;k’i is a line bundle on C; ~ P! of degree |C - C;]. Let a: Y — Y denote

the minimal resolution of ¥ and C! the strict transform of C; for each i. Then
C-Ci=a*C-Cl>CP*=-1.
Hence Hl(q*./\/'c/)}\ci) = 0. We deduce that Hl(./\/c/j)) = 0 as required.

We now compute locally that C' deforms to a smooth curve that does not pass through the
singular point of X’. Locally at the singular point of Y, the deformation of Y is of the form

1
(oy = (=" —w)") € —(1,~1,0) x C},

where d = ¢t + 1. The deformation of C' is given by an equation (z +w-h = 0), where h € k[[z, y, w]]
has p,-weight a. So, eliminating z, the abstract deformation of C is given by (zy = u - w?) C
%(1, —1) x CL, where u is a unit. In particular the general fibre is smooth and misses the singular
point of the ambient surface X'.

We deduce that, on X/ , we have a cycle of smooth rational curves of self-intersections
—Qpg1yeeey—ar, —(t+2),=b1, ..., —bsy1,—1,—2,..., =2 —1

(where the chain of (—2)-curves has length m). Indeed the chains —a,41,...,—bst1 and —2,..., —2
are the exceptional loci of the minimal resolutions of two of the singular points of X', the first
(—1)-curve is the deformation of C' described above, and the last (—1)-curve is the deformation
of the (—1)-curve on Y. Moreover X’ has a unique singular point of type A; which does not lie
on this cycle. Let X’ — X’ be the minimal resolution. Observe that the chain -1,-2,...,—-2,-1
defines a ruling of X'. If f is another degenerate fibre, then f contains a unique (—1)-curve and its
remaining components are exceptional over X’ (because p(X') = 1). We deduce that there is exactly
one additional degenerate fibre, which is the union of the chain —a,, ..., —b,, the chain —2,..., -2
of length ¢ (the exceptional locus of the minimal resolution of the A; singularity) and a (—1)-curve.
This determines the fibre uniquely. We conclude that X' ~ X.
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A similar argument works when E; - 5 = 1. In this case the ruling p: X — P! has a unique
degenerate fibre of type (O) and the two sections E; and Ey meet this fibre in the two (—1)-curves.
Set E? = —a and E3 = —b and let m be the number of (—2)-curves in degenerate fibre. Then X has
singularities A,, and the cyclic quotient singularity whose minimal resolution has exceptional locus
Ey + E». (In particular, (a,b) = (2,2), (3,3), or (2,5) because X has T-singularities, but we give a
uniform treatment of these cases.) We compute that m = a + b+ 1 by expressing p as a blowup of
a Pl-bundle.

We construct a toric surface Y and prove that X is a Q-Gorenstein deformation of Y. The
minimal resolution of Y is the toric surface which fibres over P! with two degenerate fibres, one
of type (O) (where there are m (—2)-curves as above) and one of type (I) with self-intersection
numbers

—b,—1,-2,...,-2

(where the chain of (—2)-curves has length (b — 1)) and two disjoint torus-invariant sections with
self-intersection numbers —a and —(b + 3) which intersect the first fibre in the two (—1)-curves
and the second in the end components with self-intersection numbers —b and —2 respectively. Note
that the equality m = a + (b + 3) — 2 ensures that this does define a toric surface. The surface YV
has singularities an A,, singularity and the cyclic quotient singularities obtained by contracting the
chains of smooth rational curves with self-intersection numbers —a, —b and —2,...,—2,—(b + 3).
This last singularity is of type 77 by Prop. 2.9. Hence the singularities of X are deformations
of the singularities of ¥ — the first two singularities are not deformed, and the Ti-singularity is
smoothed. Moreover, this deformation does not change the Picard number. Let X’ be the general
fibre of a 1-parameter deformation of X inducing this deformation of the singularities. Let Yy -Y
and X’ — X’ be the minimal resolutions of the singularities we do not deform. Thus Y has a
single T} singularity given by contracting the chain of smooth rational curves with self-intersection
numbers —2,..., -2, —(b+3) on Y. Let C; and Cy be the images of the (—1)-curves on Y incident
to the ends of this chain, so C and Cs are smooth rational curves meeting in a node at the singular
point. Then, as above, C' = C; + Cs deforms to a smooth (—1)-curve on X'. We deduce that, on
X', we have a cycle of smooth rational curves of self-intersections

—a,—b,—1,-2,..., -2, —1

(where the chain of (—2)-curves has length m). Indeed, the chains —a, —b and —2,...,—2 are the
exceptional loci of the minimal resolutions of the two singular points of X', the first (—1)-curve
is the deformation of C, and the last (—1)-curve is the deformation of the (—1)-curve on Y. Let
X’ — X’ be the minimal resolution. Observe that the chain —1,—2,...,—2, —1 defines a ruling of
X'. There are no other degenerate fibres of this ruling because p(X’) = 1. We deduce that X’ ~ X.

If we are in case (2) of Thm. 7.6, then the non Du Val singularities of X are of type 1(1,1).
In particular, 2Kx is Cartier. Similarly, if X has a D or FE singularity then 2Kx is Cartier by
Thm. 5.1. So in these cases we can refer to the classification of log del Pezzo surfaces of Picard rank
1 and index < 2 given by Alexeev and Nikulin [AN06, Thms. 4.2,4.3]. By Prop. 6.1 the only such
surfaces which are not (Q-Gorenstein deformations of toric surfaces are those which have either a
D singularity, an E singularity, or at least 4 Du Val singularities. These are the sporadic surfaces
listed in Ex. 8.3. This completes the proof. O

LEMMA 8.5. Let [a1,...,a,] and [by,...,bs] be conjugate strings.
(1) The conjugate of [ay,...,a1,t +2,by,...,bs| is a Tiy1-string.

(2) Given bsy1 > 2, let [dy,...,d,] be the conjugate of [ay,...,a1,t + 2,b1,...,bs,bst1]. Then
[d1,...,dy,bst1] is a Tjy1-string.

Proof. Let an S;-string be a string [ay,...,a1,t+2,b1,...,bs] as above. Then, by Lem. 7.3, we have
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(a) [2,t+2,2] is an S;-string.
(b) If [e1,...,ey] is an Si-string, then so are [e; + 1, -+ ,€,,2] and [2,e1,..., €, + 1].
(c) Every Si-string is obtained from the example in (a) by iterating the steps in (b).

Now (1) follows from Prop. 2.9 and Lem. 7.3. To deduce (2), let [e1,...,e,] be the conjugate of
[ar, ... a1,t+2,b1,...,bs]. Then

{dl,...,du,strl] = [2,...,2,61 + 1,62,...,€U,b3+1}
(where there are (bs+1 — 2) 2’s) by Lem. 7.3. This string is of type Ti41 by (1) and Prop. 2.9. O
LEMMA 8.6. Let (P € S, D) denote the local pair (-5 (1,dna — 1), (uv = 0)). Let 7: S — S be

dn?

the minimal resolution of S and D’ the strict transform of D. Write n*D = D' + F where F is
n-exceptional. Then F? = —1.

Proof. We may assume S is a projective toric surface, P € S is the unique singular point, and D
is the toric boundary. Then S is toric with boundary D = D' + > E;, where Ey,..., E, are the
exceptional divisors of 7. In particular D € |- Kg| and D € |- Kg|. Since P € S is a Ty-singularity,
by Prop. 2.6 we have
K2+ p(S) = K&+ p(S)+ (d—1).
So D? +r=D?+(d—1). Now D?> = D? + 3" E? + 2(r + 1), so
F?=D”-D*=d-3r-3-) E.

Finally, > F? = d — 3r — 2 by the inductive description of resolutions of Ty-singularities (see
Prop. 2.9), so F? = —1 as claimed. O

Proof of Thm. 1.3. Let X denote the special fibre of f: V' — T. Thus X is a del Pezzo surface with
quotient singularities which admits a Q-Gorenstein smoothing. Since H'(Ox) = H?(Ox) = 0 the
restriction map PicV — Pic X is an isomorphism. Hence p(X) = p(V/T) = 1.

By Thm. 7.1 there exists a (reduced) curve D € | — Kx| with only nodal singularities. We have
H'(—Kx) = 0 by Kawamata-Viehweg vanishing. So there exists a lift S € | — Ky| of D € | — Kx|
such that the general fibre of S/T is smooth. The surface S is normal, so the special fibre of S/T
equals D (there are no embedded points). Hence S/T is a smoothing of a nodal curve, and S has
only Du Val singularities of type A. O
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