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Compact moduli spaces of surfaces of general type

Paul Hacking

ABSTRACT. We give an introduction to the compactification of the moduli
space of surfaces of general type introduced by Kollar and Shepherd-Barron
and generalized to the case of surfaces with a divisor by Alexeev. The con-
struction is an application of Mori’s minimal model program for 3-folds. We
review the example of the projective plane with a curve of degree d > 4. We
explain a connection between the geometry of the boundary of the compact-
ification of the moduli space and the classification of vector bundles on the
surface in the case H>0 = H! = 0.

1. Introduction

The moduli space M, of curves of genus g > 2 admits a compactification M,
given by the moduli space of stable curves [DM69]. Here a stable curve C is
a connected compact curve of arithmetic genus g having only nodal singularities
(ry = 0) C C? and finite automorphism group. Components of the boundary
OM, := M, \ M, correspond to the topological types of degenerations of a curve
of genus g obtained by contracting a simple loop to a point. The space M, is an
orbifold of dimension 3g — 3 and the boundary is a normal crossing divisor, that
is, the pair (M, dM,) is locally isomorphic to C3973 together with a collection of
coordinate hyperplanes modulo a finite group.

The moduli space M=, of surfaces of general type with fixed topological
invariants admits an analogous compactification M K2,y the moduli space of stable
surfaces [KSB88]. The definition of a stable surface is derived from Mori’s minimal
model program for 3-folds. Indeed, given a family of smooth surfaces of general type
over a punctured disc, results of the minimal model program produce (after a finite
base change) a distinguished extension of the family over the disc (the canonical
model given by the projective spectrum of the canonical ring of a smooth model of
the total space with special fiber a reduced normal crossing divisor). This is the
exact analogue of the stable reduction theorem for curves, which uses the classical
theory of minimal models of surfaces, cf. [DMG69] 1.12]. A stable surface is then,
roughly speaking, a surface which can arise as a limit of smooth surfaces in this
way. The moduli space of stable surfaces gives a compactification of the moduli
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space of smooth surfaces, because it satisfies the valuative criterion of properness
by construction.

Very little is known about the moduli spaces M= , in general. In particular
they can be essentially arbitrarily singular [V06], and have arbitrarily many con-
nected components [C86|. However, we expect that there are many examples of
connected components of the moduli space that are well behaved. A particularly
attractive example is the case of surfaces of general type such that H?° = 0 and
w1 = 0 discussed in §91

We want to study the compactification given by moduli of stable surfaces in
these cases. Perhaps the most basic question is: what are the codimension 1 com-
ponents of the boundary? Here by definition the boundary is the complement of
the locus of surfaces with Du Val singularities (as these are the canonical models
of smooth surfaces of general type). An important type of boundary divisor is the
locus of equisingular deformations of a normal surface with a unique cyclic quotient
singularity of type C? , /(Z/n*Z), where the action is given by

(u,v) = (Cu, ¢"*Mw), - (= exp(2mi/n?)
for some n,a with (a,n) = 1. These singularities were first studied by J. Wahl
[W&1l 5.9.1] so we refer to them as Wahl singularities.

The smoothing component of the deformation space of a Wahl singularity rele-
vant to moduli of stable surfaces is a smooth curve germ. So, at least in the absence
of local-to-global obstructions, Wahl singularities occur in codimension 1. The Mil-
nor fiber of the smoothing is a rational homology ball. Thus if Y ~~ X is a global
degeneration which is locally of this form, specialization defines an isomorphism of
rational homology H,.(Y,Q) — H.(X,Q). For this reason it seems that it is not
possible to predict the existence of the degeneration Y ~» X based on the topology
of Y alone.

In this paper we explain a relation between boundary components of the moduli
space of Wahl type and the classification of rigid holomorphic vector bundles on
the smooth surface Y in the case H*>? = H! = 0 [H11]. We also describe in some
detail a motivating example: the case of the projective plane Y = P? together with
a curve D of degree d > 4 [HO04]. This is an instance of the moduli space of stable
surfaces with boundary, analogous to the moduli spaces of stable pointed curves
My .. In this example we are able to describe the components of the boundary of
the moduli space fairly explicitly. In particular, the boundary divisors associated
to Wahl singularities display a beautiful combinatorial structure that is intimately
related to the classification of rigid vector bundles on the projective plane.

Notation: We work over the complex numbers. We write C"/L (a1, ..., a,) or just
L(ay, ..., a,) for the cyclic quotient singularity C" /(Z/nZ) where the action is given
by

(21, 0) > (P, Cory), € = exp(2mifn).
2. Moduli of stable surfaces

2.1. Semi log canonical singularities. Let X be a reduced Cohen-Macaulay
surface. We assume that the set S C X of singularities which are not of double
normal crossing type (zy = 0) C C3 is finite. The double curve A C X of X
is the union of the one dimensional components of the singular locus of X. Let
v: X¥ — X be the normalization of X and A¥ C X" the inverse image of the
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double curve. Thus the map AY — A is finite of degree 2. The dualizing sheaf
wx of the surface X is the correct generalization of the canonical line bundle for
smooth surfaces. It has the following properties: (1) wy is invertible away from the
finite set S, (2) wx is reflexive, (3) (V*wx)YY = wx»(AY). Here F¥V denotes the
double dual (or reflexive hull) of a coherent sheaf F.

The dualizing sheaf wx corresponds to a Weil divisor class denoted Kx. Of
course if X is normal this is the usual canonical divisor class.

Let X be a normal surface and D a Q-divisor on X. We say the pair (X, D) is log
canomical if K x 4+ D is Q-Cartier and the following condition holds. Let 7: X — X
be a resolution of singularities of X such that the sum of the exceptional divisor
E =3 E; of m and the strict transform D’ of D is a normal crossing divisor. Then

in Pic(X) ® Q for some a; € Q. We require that a; > —1 for each i. (It suffices
to check the condition for one such resolution.) See [KM98, 4.1] for a detailed
classification of log canonical surface-divisor pairs.

Definition 2.1. Let X be a surface. We say X has semi log canonical (slc) singu-
larities if the following conditions hold.

(1) The surface X is reduced, Cohen-Macaulay, and has only double normal
crossing singularities (zy = 0) C C3 away from a finite set of points.

(2) With notation as above, the pair (X”, A”) consisting of the normalization
of X together with the inverse image of the double curve has log canonical
singularities.

(3) For some N > 0 the Nth reflexive tensor power w%v] = (W)Y of the
dualizing sheaf wx is invertible.

Semi log canonical surface singularities were classified in [KSB88| §4]. We
describe the two examples we need in §4l and §5 below.

Remark 2.2. The definition of semi log canonical singularities for X of dimension
d is the same except that the Cohen-Macaulay condition is replaced by Serre’s
condition Se and we require that X has only double normal crossing singularities
(ry = 0) C C¥*! away from a codimension 2 subset.

2.2. Stable surfaces.

Definition 2.3. A stable surface is a connected projective surface X such that X
has semi log canonical singularities and the dualizing sheaf wx is ample.

2.3. Index one cover. Let (P € X) be an slc surface germ. The index

of P € X is the least integer such that WEJ(V] is invertible. Fix an isomorphism

0: wgz(v] — Ox and define a morphism p: Z — X by
7 = SpecX(OX Dwx @wg] @ --- @ng(vfl})
where the multiplication on Oy is defined using . Then p: Z — X is a cyclic cover
of degree N such that (1) the inverse image of P is a single point Q € Z, (2) the
morphism p is étale over X \ {P}, and (3) the surface Z is Gorenstein, that is, Z
is Cohen-Macaulay and the dualizing sheaf wyz is invertible. Moreover, the germ
(Q € Z) is sle. The covering p is called the index one cover of (P € X). It is
uniquely determined locally in the analytic topology.
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2.4. Q-Gorenstein deformations. Let (P € X) be a slc surface germ. We
say a deformation (P € X)/(0 € S) is Q-Gorenstein if it is induced by an equivari-
ant deformation of the index one cover of (P € X).

Equivalently, let wx /g denote the relative dualizing sheaf of X/S. The sheaf
wx/s is flat over S and commutes with base change because X /S is flat with Cohen-
Macaulay fibers [C00, 3.6.1]. Then X/S is Q-Gorenstein iff every reflexive power
w[)?;]s = (wg?;\fs)vv of the relative dualizing sheaf wx s commutes with basechange

[HO04, 3.5]. (The definition of Q-Gorenstein deformations first appeared in this
form in [K91l §6].)

2.5. Moduli stack.

Definition 2.4. Let S be a scheme of finite type over C. A family of stable surfaces
over S is a flat family X/S such that each fiber is a stable surface and X/S is Q-
Gorenstein in the sense of §2.4 that is, everywhere locally on X the family X/S
is induced by an equivariant deformation of the index one cover of the fiber. Let
M denote the moduli stack of stable surfaces so defined. For K2,y € Z let HK;X
denote the moduli stack of stable surfaces X with K% = K2, x(Ox) = x (thus
ﬂK2,x is a union of connected components of M).

Theorem 2.5. [KSB88|,[K90],|[AMO04]. The stack Mg, is a proper Deligne-
Mumford stack of finite type over C with projective coarse moduli space.

3. Infinitesimal study of the moduli stack

Let X be a stable surface. By definition, the moduli stack M of stable surfaces
near [X] is identified with the quotient stack [Def@®(X)/ Aut X] of the versal Q-
Gorenstein deformation space Def @ (X) of X by the automorphism group of X (a
finite group). In this section we explain how to compute Def?% (X).

Let X be a slc surface. Recall that the Q-Gorenstein deformations of X are by
definition those deformations which are locally induced by an equivariant deforma-
tion of the index one cover. To treat global Q-Gorenstein deformations in a robust
way it is best to rephrase this definition as follows.

The data of index one covers everywhere locally on X defines a Deligne-
Mumford stack X with coarse moduli space X, the index one covering stack. Let
q: X — X denote the induced map. If p: V — U is an index one cover of an open
set U C X with group G ~ Z/NZ, then ¢: ¥ — X is locally given by the map
[V/G] = U = V/G from the quotient stack [V/G] to its coarse moduli space. The
deformations of X are identified with the Q-Gorenstein deformations of X [HO04,
3.7, [AHOQ9]. Note that the map ¢: X — X is an isomorphism away from the finite
set of points S C X where the dualizing sheaf wx is not invertible, that is, the
stack structure is trivial away from S.

We consider coherent sheaves F on the étale site of X. If p is a local index one
cover as above, the restriction of F to V is a G-equivariant sheaf Fy on V| and F
is determined by these restrictions together with gluing data on the overlaps. The
pushforward ¢.F of F may be defined locally by (¢.F)|v = (p«Fv)“. Note that
q« is exact.

The deformations of X may be described using the cotangent complex Ly ¢ for
the structure sheaf Ox on the étale site of X [I71], [I72]. We refer to [H10} §3] for
an exposition of the local theory of the cotangent complex following [LS67]. We
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deﬁpe sheaves 'Té'G)X = Qx gxti(Lx/(c,Og{) on X and C-vector spaces ']I‘%QG’X =
Ext"(Lx/c,Ox). Then the basic result is the following.

Proposition 3.1. Let X be a slc surface.

(1) The first order infinitesimal Q-Gorenstein deformations of X are identified
with the C-vector space ’IF}QG’X.

(2) Let A be a finitely generated Artinian local C-algebra. Let X/A be a
Q-Gorenstein deformation of X over A. Let A’ — A be an infinitesimal
extension of A with kernel I. Let m’ denote the maximal ideal of A" and
assume that m’- I =0 (so I is a A/m’ = C-vector space). Then there is
an obstruction class o(X/A, A") € Tgq x ® I such that o(X/A, A") = 0
iff there exists a Q-Gorenstein deformation X’/A’ of X /A over A’. If
o(X /A, A’) = 0 then isomorphism classes of such deformations form a
torsor for T(lgG,X ® 1.

In particular, if X is compact, the versal Q-Gorenstein deformation space of
X is an analytic germ (0 € Def9% (X)) with tangent space T&a x and is smooth if
T3 x = 0.

Let p: V. — U be an index one cover of an open set U C X with group G.
Then we have Tdq x|lv = (p.Ty;)¢ where Ty} = Ext'(Ly ¢, Oy). We recall that,
for any reduced scheme V, T? = Ty := Hom(Qy,Oy) is the tangent sheaf of V,
T = Ext'(Qy,Oy) and T2 = 0 if V is a local complete intersection. See for
example [A76, p. 33], [H10, 3.6, 4.13]. Tt follows that (1) 79q x = Tx is the
tangent sheaf of X, (2) 'TéQ  is supported on the singular locus of X and can be
computed locally by Tiq xlv = (p- Ext' (Qy, Ov))%, (3) Téc.x is supported on
the locus where the index one cover is not a local complete intersection.

We have the local-to-global spectral sequence

E3T = H"(T5q x) = T%E?x-
In particular, we obtain the exact sequence
0— H'(Tx) = Tha.x — H(Tda.x) — H*(Tx).

Moreover, the obstruction space TéGVX vanishes if H?(Tx) = 0, Hl(TQlex) =0,
and the local index one covers are complete intersections.

4. Wahl singularities

Let P € X denote the cyclic quotient singularity C} /=5 (1,na — 1), where
(a,n) = 1. These singularities were first studied by J. Wahl [W81 5.9.1] so we
refer to them as Wahl singularities. The index one cover (Q € Z) — (P € X) is
the Du Val singularity of type A, _1

Ci,v/%(:[? _1) = (‘Ty = Zn) C Ci,y,z
where z = u™,y = v", z = uv. Thus
(PeX)=(ay=2") C 2(1,~1,0)
and a Q-Gorenstein smoothing is given by
(4.1) (PeX)=(zy=2"+t) C 2(1,—-1,a) x C}.
The one parameter deformation (P € X)/(0 € C}) is the versal Q-Gorenstein
deformation of (P € X). In particular, if X is a stable surface with a unique
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singularity P € X of Wahl type and there are no local-to-global obstructions to
Q-Gorenstein deformations of X, then the moduli stack of stable surfaces M is
smooth near [X] and equisingular deformations of X determine a codimension 1
component of the boundary.

4.1. Topology of the smoothing. If P € X is a normal surface singularity
then the link L of P € X is the smooth 3-manifold obtained as the intersection of
X with a small sphere about the point P in some embedding X € CV. For example
the link of the cyclic quotient singularity %(1, a) is the lens space L = L(r,a) =
S53/1(1,a) C C?*/1(1,q).

If (Pe X)/(0€T)is a one-parameter smoothing of a normal surface singu-
larity P € X, the Milnor fiber M of the smoothing is defined as follows. Choose
an embedding X ¢ CN x T, say P + (0,0), and let B(6) := {||z|| < 6} € CV be
the closed ball with center 0 € CV and radius 6. We define M = X, N B(J) for
0 <e<d 1. Then M is a smooth 4-manifold with boundary the link L of the
singularity P € X.

Wahl observed that the Milnor fiber M of the smoothing ([@I) is a rational
homology ball. More precisely, w1 (M) is cyclic of order n and H;(M,Z) = 0 for
i > 1. Indeed, the Milnor fiber M is the quotient of the Milnor fiber Mz of the
smoothing of the A,_; singularity (Q € Z) by a free Z/nZ-action. Now My is
homotopy equivalent to a bouquet of n — 1 copies of the 2-sphere, in particular
Mz is simply connected and e(Mz) = n. Hence m (M) = Z/nZ and e(M) =
e(Mz)/n = 1. Finally M is a Stein manifold of complex dimension 2 so has the
homotopy type of a cell complex of real dimension 2. We deduce that H;(M) =0
for i > 1 as claimed.

The boundary of M is the link L = $%/2;(1,na — 1) of P € X and the map
m1 (L) — w1 (M) is the surjection Z/n?Z — Z/n’Z.

Let Y be a smooth compact surface. We would like to determine the possible
degenerations of Y to a singular surface X which are locally of the form (&IJ). It
seems that topological considerations provide very little information because the
topology of M is almost trivial. We return to this question in §§8HIQ below, where
we describe an approach in the case H>%(Y) = HY(Y) = 0.

5. Orbifold double normal crossing singularities

Let X be a surface which is a union of two smooth components X7, X meeting
transversely along a curve C. That is, X has double normal crossing singularities
(ry = 0) C C3 along C. Then the sheaf T is the line bundle on C given by the
tensor product of the normal bundles of C' in X; and X5

T)} = gxtl(Qx,Ox) :Nc/xl ®NC/X2-
See [F83] 2.3]. If U C X is a local chart of the form (zy = 0) C C?® then Ti|v

is generated by 7! @ y~1, and a local section s = f(2)-z ' ®@y~! € HO(U, T})
corresponds to the first order infinitesimal deformation

U=(zy=t-f(z)) CCF, . x (SpecC[t]/(t*)).

z,Y,2

A necessary condition for smoothability of X is H(T3) # 0 (because otherwise all
deformations are locally trivial). Suppose X/(0 € C}) is a one-parameter deforma-
tion of X and s € H(Ty) is the induced element (the local part of the induced
first order infinitesimal deformation). Then the total space X is smooth away from
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the zeroes of s and has ordinary double points (zy + zt = 0) at simple zeroes of s.
In particular, if s has only simple zeroes then the general fiber is smooth.
The orbifold double normal crossing singularity

(zy=0)cCl,./L(1,-1,a), (a,n)=1,

is semi log canonical and occurs frequently on stable limits of smooth surfaces.
The index one cover is the double normal crossing singularity (zy =0) C C3. A
Q-Gorenstein smoothing is given by

(zy =1t) C 2(1,-1,a) x C}.

Let X be a surface that is a union of two normal components X; and Xs
meeting along a smooth curve C such that X has orbifold double normal crossing
singularities along C' and is smooth elsewhere. Then the Q-Gorenstein deformations
of X are, by definition, locally induced by equivariant deformations of the index one
cover, which is a double normal crossing singularity. The sheaf 7'(5(1  of local first
order Q-Gorenstein deformations is a line bundle on C' and may be computed as
follows. Let C;|¢ denote the Q-divisor on C, well defined up to linear equivalence,
obtained by moving C on X; and restricting to C'. Then the sum C4|¢ + Cz2|¢ is a
Z-divisor on C', and

(51) TQlG,X :OC(CI|C+C2|C)'

In particular TéG_X is a line bundle on C of degree (C?)x, + (C?)x, equal to the
sum of the self-intersection numbers of C on X7 and Xs. If U C X is a local chart
of the form (zy = 0) C 1(1,-1,a), then Tgc.xlu is generated by 7' @ y~!, and
a local section s = f(2") -2~ ! ® y~! corresponds to the first order deformation

(zy =t f(z")) C 3(1,-1,a) x Spec(C[t]/(£*)).

In particular, if s has a simple zero at the orbifold point (P € C') = (0 € Cl..) then
locally this deformation may be extended to a one-parameter deformation with

general fiber the Wahl singularity n%(l, na —1).

6. Surfaces with boundary

The moduli space of pairs (X, D) consisting of a smooth surface X and an
effective Q-divisor D such that (X, D) is log canonical and Kx + D is ample admits
a compactification given by the moduli space of stable pairs [A96], [K11]. These
compactifications are analogous to the moduli spaces of pointed stable curves ﬂg)n
and their generalizations given by assigning weights to the marked points [HO03].

Definition 6.1. Let (X, D) be a pair consisting of a surface X and an effective
Q-divisor D. We say the pair (X, D) is a stable pair or stable surface with boundary
if the following conditions hold.

(1) The surface X is reduced, Cohen-Macaulay, and has double normal cross-
ing singularities away from a finite set. No component of the double curve
is contained in the support of the divisor D.

(2) The pair (X¥, A¥ + DY), consisting of the normalization of X together
with the sum of the inverse images of the double curve and the divisor D,
is log canonical.

(3) The Q-divisor Kx + D is Q-Cartier and ample.
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The definition of a family of stable pairs (X, D) over a scheme S involves
technical difficulties in general [AQ8], [K10, §6]. These difficulties do not occur if
D is a Z-divisor or if we use floating coefficients D = (o + €)B where o € [0,1)NQ
and 0 < € < 1, € € Q. We give a precise definition in the example described in {1l
below, where floating coefficients are used.

7. Plane curves

A compactification of the moduli space of plane curves was obtained in the
author’s PhD thesis advised by A. Corti [HO04]. It is an instance of the moduli
space of stable surfaces with boundary. In this section we review the description of
this example as it displays many features we expect to observe in the general case.

Let P4 denote the moduli stack of smooth plane curves of degree d > 4. Ex-
plicitly P, is the quotient stack [U/ PGL(3)] where U C PV is the complement
of the discriminant locus in the projective space of homogeneous polynomials of
degree d in 3 variables, N = %d(d + 3). We regard P, as the moduli stack of pairs
(X, D) consisting of a surface X isomorphic to P? and a divisor D on X given by
a smooth plane curve of degree d. The pair (X, aD) has log canonical singularities
and Kx +aD is ample for 3/d < a <1, & € Q. One can thus define a compactifica-
tion fj of P4 by taking the closure of the image of P4 in the moduli stack of stable
pairs under the map [D] — [(X, aD)]. Roughly speaking, the compactification Py
becomes more complicated as « increases. So our approach is to consider the case
where « is “as small as possible”. More precisely, there exists €y > 0 such that our
compactification Py coincides with Py for 3/d < oo < 3/d + €g.

As noted in §6l the definition of the moduli stack of stable pairs in general is
rather technical. So we define the moduli stack Py directly as follows.

Definition 7.1. A stable plane pair of degree d is a pair (X, D) consisting of a
surface X together with an effective Weil divisor D such that the pair (X, (3/d+€)D)
has semi log canonical singularities and the Q-Cartier divisor Kx + (3/d + €)D is
ample for 0 < e < 1, € € Q.

Let (X, D) be a stable plane pair. Then in particular X is slc and D is Q-
Cartier. Let P € X be a point and p: (Q € Z) — (P € X) be the index one cover.
Let Dz be the divisor on Z given by the inverse image of D on X. We say (X, D)
is pre-smoothable if Dy is Cartier for each P € X. (This condition simplifies the
deformation theory of pairs considered below. One can show that it is satisfied by
the stable limits of pairs (P2, C') consisting of the plane together with a curve [H04,
3.13].)

Let (X, D) be a pre-smoothable stable plane pair. We regard D as a closed
subscheme D C X of codimension 1 (without embedded points). By a deformation
of the pair (X, D) over a germ (0 € S) we mean a pair (X,D)/(0 € S) consisting of
a deformation X/(0 € S) of X together with a closed subscheme D C X such that
Do = D and D is flat over S. We say a deformation of (P € X, D) is Q-Gorenstein
if it is induced by an equivariant deformation of (Q € Z, Dyz).

A family of pre-smoothable stable plane pairs over a scheme S is a flat fam-
ily (X,D)/S such that each fiber is a pre-smoothable stable plane pair and the
family is Q-Gorenstein, that is, everywhere locally on X induced by an equivari-
ant deformation of the index one cover of the fiber. Let P denote the stack of
pre-smoothable stable plane pairs so defined. Then P is a Deligne-Mumford stack
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locally of finite type over C. (Note: we do not assert that P is proper or that its
connected components are of finite type.) Let P4 C P denote the closure of Py,
the stack of smoothable stable plane pairs of degree d.

Theorem 7.2. The stack Pq is a proper Deligne-Mumford stack of finite type over
C. If d is not a multiple of 3 then Pq is smooth and is a connected component of

P.
7.1. Classification of stable planes.

Proposition 7.3. Let (X, D) be a smoothable stable plane pair of degree d. Then
—Kx is ample and dK x + 3D is linearly equivalent to zero.

We sketch the proof of the proposition. Since [(X, D)] lies in the closure of
P4, there is a Q-Gorenstein deformation (X, D)/(0 € T') of (X, D) over the germ
of a curve such that the general fiber is the plane together with a curve of degree
d. The restriction of dKx + 3D to a general fiber of the family X/(0 € T) is
linearly equivalent to zero, hence dKx + 3D is linearly equivalent to a sum of
components of the special fiber X. But also dKx + 3D = (dKx + 3D)|x is nef
because Kx + (3/d + €)D is ample for 0 < € < 1. It follows that dKx + 3D ~ 0.
Now —Kx is ample because Kx + (3/d + €)D is ample.

If d is not divisible by 3 then, since dKx + 3D ~ 0, the canonical class Kx
is divisible by 3 in the class group of X. This condition is very restrictive, for
example, it implies that X has at most 2 irreducible components [H04l 7.1]. (On
the other hand, already for d = 6 there are surfaces X with 18 components.)

Remark 7.4. It is instructive to compare with the one dimensional case. We
consider the moduli space M of pairs (X, D) such that X ~ P! and D is a divisor of
degree d > 3. Let us order the points D = P; +- - -+ Py for simplicity. We construct
a compactification M as a moduli space of pairs (X, D) such that (X, (2 + €)D)
is slc and Kx + (2/d + €)D is ample for 0 < € < 1. The first condition means
simply that X is a nodal curve, the points P; are smooth points of X, and the
divisor (2 + €)D has coefficients < 1 . Then dKx + 2D ~ 0, and X is either a
copy of P!, or two copies of P! meeting transversely in a single point. Moreover, in
the second case d is even and there are d/2 points on each component. We deduce

. . . =  ——GIT . .
that there is a birational morphism M — M to the symmetric GIT quotient

M = (P1)4// SL(2) which is an isomorphism if d is odd and is a resolution of the

—G
singularities of M - corresponding to the strictly semistable points if d is even.

We describe the degenerate surfaces X in case d is not divisible by 3. There are
two types A and B. Surfaces of type A are normal and have quotient singularities
of Wahl type. Surfaces of type B have two irreducible components meeting along
a smooth rational curve. We have a complete description of the surfaces of type A:

Theorem 7.5. [HP10, 1.2] Let X be a normal surface with quotient singularities
which admits a smoothing to the projective plane. Then X is obtained from a
weighted projective plane P(a?, b2, ¢?) by a Q-Gorenstein deformation that smoothes
some subset of its singularities, where (a, b, c) is a solution of the Markov equation

a® +b% + ¢® = 3abe.
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The solutions of the Markov equation are easily described: (1,1,1) is a solution,
and all solutions are obtained from (1,1,1) by a sequence of mutations of the form

(7.1) (a,b,c) — (a,b,¢ = 3ab— c).

We can define a graph G with vertices labelled by solutions of the Markov equation
and edges corresponding to pairs of solutions related by a single mutation. Then
G is an infinite tree such that every vertex has degree 3.

The surface P(a?,b?,¢?) has cyclic quotient singularities of types =5 (b?,c?),

L(c?,a%), % (a®b?). Using the Markov equation one sees that these are Wahl

2 9 2
sbingulauritieé2 (note that a, b, c are coprime and not divisible by 3 by the inductive
description of the solutions of the Markov equation above). Moreover there are
no equisingular deformations and no local-to-global obstructions because H' (7p) =
H?(Tp) = 0. So there is one Q-Gorenstein deformation parameter for P associated
to each singularity. A surface X obtained as a Q-Gorenstein deformation of P is
uniquely determined by the subset of singularities that is smoothed.

If X is a surface of type B then X is the union of two normal surfaces X; and
X5 meeting along a smooth rational curve C. The surface X has orbifold normal
crossing singularities (zy = 0) C 2(1,—1,a) along the double curve C' and Wahl
singularities away from C. The Picard numbers of the components of X are given

by either p(X1) = p(X2) =1 or {p(X1), p(X2)} = {1,2}.
Example 7.6. Consider the two parameter family
X = (XoXy =sX7 +1tY) CP(1,1,1,2) x C7,

The special fiber X := X} is a surface of type B obtained by glueing two copies
of the weighted projective plane P(1,1,2) (the quadric cone) along a ruling. It has
an orbifold normal crossing singularity of type (zy = 0) C %(1, 1,1). The fibers
Xt for s # 0, t = 0 are isomorphic to P(1, 1,4), with the embedding in P(1,1,1,2)
being the 2-uple embedding

P(1,1,4) = (Xo X2 = X7) C P(1,1,1,2)

(U07 U17 V) = (X07 Xlu X27 Y) = (U027 U0U17 U127 V)
The surface P(1, 1,4) has a Wahl singularity of type £(1,1). The fibers X, ¢ for ¢ # 0

are isomorphic to P?. The deformation X' /(0 € C2,) is the versal Q-Gorenstein
deformation of X.

We remark that in general it is difficult to describe the versal Q-Gorenstein
deformation of P := P(a?, b?, c¢?) explicitly, because for example the embedding in
weighted projective space defined by —2Kp = Op(abc) (corresponding to Opz(1)
on the general fiber P?) has high codimension.

Example 7.7. Here we describe a two parameter family of surfaces which “con-
nects” the weighted projective planes P := P(a2, b2, c2), P’ := P(a?, b2, ¢'*) associ-
ated to two solutions of the Markov equation related by a single mutation (Z.I]).
The family is given by

X = (XY =sZ° +1T°) C P(a?,b?,¢,¢) x C2,.

The special fibre X := A is the union of two weighted projective planes P(a?, ¢, ¢’),
P(b%, ¢, ') glued along the coordinate lines of degree a? and b%. It has two Wahl
singularities of indices a and b and two orbifold normal crossing singularities of
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indices ¢ and ¢/. The fibers X;,; for s = 0, t # 0 are isomorphic to P(a?,b?, c?),
with the embedding being the c-uple embedding

P(a?,b?,c?) — (XY =T°) C P(a? b%, ¢, )
(U, V,W) = (X,Y,Z,T) = (U, V¢, W,UV).

Similarly, the fibers X ; for s # 0, t = 0 are isomorphic to P(a?, b2, c’2). The fibers
Xs for s # 0, t # 0 are obtained from P or P’ by smoothing the singularity of
index c or ¢ respectively. Note that Example is the special case a = b=c = 1.

Example 7.8. Here we describe surfaces X of type B such that p(X;) = 2, p(X2) =
1. We begin with the trivial family ) = P? x C;. Let m,n be positive integers
such that (m,n) = 1. Let m: X — Y be the blowup of the point P = ((1: 0: 0),0)
with weights (m,n, 1) with respect to the coordinates z1 = X1/Xo, 22 = Xo/ X, t.
The special fiber X := X} is reduced and has two components X; and X5 given
by the strict transform of Y := )} and the exceptional divisor E = P(m,n,1) of
7 respectively. The restriction p: X; — Y = P? is the weighted blowup of the
point (1: 0: 0) in P? with weights (m,n) with respect to the coordinates z1, xo.
The components X7 and X5 are glued along the smooth rational curve C given by
the exceptional divisor of p on X; and the coordinate line of degree 1 on Xy, =
P(m,n,1). The surface X has two orbifold normal crossing singularities of indices
m and n. A toric calculation shows that the Q-Cartier divisor —Kx is ample iff
%m < n < 2m. In this case the surface X occurs in P for d divisible by 3mn. The
canonical divisor —K x is divisible by 3 in the class group of X iff m +n is divisible
by 3. In this case X occurs in Py for d divisible by mn.

7.2. Boundary divisors. Let P/ C P4 denote the locus of pairs (X, D) such
that the surface X is isomorphic to P?, and let 0Py := P4\ P}. Suppose d is
not a multiple of 3. Then Py C Py is a normal crossing divisor with irreducible
components corresponding to surfaces of the following types.

(1) Surfaces of type A with a unique Wahl singularity.
(2) Surfaces X = X3 U X3 of type B such that {p(X1),p(X2)} = {1,2} and
X is smooth away from C' := X7 N Xo.

This follows from an analysis of the versal Q-Gorenstein deformations of surfaces
of type A and B, together with the following fact: for [(X, D)] € Py, the forgetful
map Def?%(X, D) — Def ¢ (X) from deformations of the pair to deformations of
the surface is smooth. See [H04, 3.12, 8.2, 9.1]. (Note: The surfaces X which occur
in a given degree d are those for which there exists a divisor D € | — (d/3)K x| such
that the pair (X, (3/d + ¢€)) is slc for 0 < € < 1. A necessary condition is that the
index of each singularity P € X is at most d [HO4] 4.5].)

Remark 7.9. Our stability condition for a pair (X, D) such that X ~ P? is a
natural strengthening of GIT stability for the plane curve D to a local analytic
condition [HO04, §10]. In particular, the locus P} is contained in the moduli stack
of GIT stable plane curves of degree d.

8. Exceptional vector bundles associated to degenerations of surfaces

Let Y be a projective surface. A vector bundle F' on Y is exceptional if End F' =
C and HY(End F) = H?*(End F) = 0. In particular, an exceptional vector bundle
F is indecomposable, rigid (no infinitesimal deformations), and unobstructed in
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families. So, if /(0 € S) is a deformation of Y over a germ (0 € S), then there
exists a unique vector bundle F on ) such that F|y = F.

Theorem 8.1. [H11] Let X be a projective normal surface with a unique singular-
ity P € X of type 23(1,na —1). Let X/(0 € T) be a one parameter Q-Gorenstein
deformation of X such that the general fiber is smooth. Let Y denote a general fiber
of X/T.

(1) Assume that H1(Y,Z) is finite of order coprime to n. Then the special-
1zation map

sp: Ho(Y,Z) — Ho(X,Z)
is injective with cokernel isomorphic to Z/nZ.

(2) Assume in addition that H*°(Y') = 0. Then, after a base change T' — T
of degree a, there exists a reflexive sheaf € on X' := X xp T satisfying
the following properties.

(a) F :=E&|y is an exceptional vector bundle of rank n on Y.

(b) E := E&|x is a torsion-free sheaf on X such that its reflexive hull EVY
1s isomorphic to the direct sum of n copies of a reflexive rank 1 sheaf
A, and the quotient EVV /E is a torsion sheaf supported at P € X.

If H is a line bundle on X /T which is ample on fibers, then the vector

bundle F is slope stable with respect to H := H|y. The Chern classes of

F are given by

Cl(F) = ncl(A) S HQ(Y, Z) C HQ(X, Z),
n—1

co(F) = ™ (c1(F)* +n+1).

Moreover
c1(F)- Ky =+a mod n,
and
Hy(X,Z) = Hy(Y, Z) + Z - (c1(F)/m).

Remark 8.2. Note that the bundles obtained from F' by dualizing or tensoring
by a line bundle arise in the same way. (Indeed, if L is a line bundle on Y then L
extends to a reflexive rank one sheaf £ on X. Now &Y and (£ ® £)VV satisfy the
properties [8.)(2a,b) and restrict to F¥ and F® L on Y.)

We sketch the proof of Theorem [B] in the case n = 2. In this case P € X is
a singularity of type %(17 1). Let us assume for simplicity that the Q-Gorenstein
deformation (P € X)/(0 € T') is versal, that is, isomorphic to

(zy =22 +1t) C (C2, ./2(1,1,1)) x C}.

z,Y,z

(In general, we obtain our construction by pullback from the versal case.)

The germ (P € X) is a cyclic quotient singularity of type 1(1,1,1). Let 7: X -
X denote the blowup of P € X. Then the exceptional locus W of 7 is a copy of
the projective plane with normal bundle O(—2). The total space X is smooth and
the special fiber X := Xj is a normal crossing divisor with two smooth components
given by the strict transform X’ of X C X and the exceptional divisor W. The
restriction p: X’ — X of 7 is the minimal resolution of (P € X). The surfaces X'
and W meet along the smooth rational curve C' which is the exceptional curve of
p: X' — X and is embedded as a conic in W ~ P2,
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Let B denote the intersection of X with a small ball with center at the singu-
larity P € X in some embedding. Let L denote the boundary of B (the link of the
singularity) and write X° := X \ B. Our assumption on H;(Y,Z) implies that the
map

H*(X°,Z) - H*(L,Z)
is surjective, by a local analysis near the singularity (see §4)) and a Mayer—Vietoris
argument. (See [H11], proof of Theorem 1.1, for more details.) It follows that the
restriction map

(8.1) H*(X',7Z) — H?*(C,7Z)

is surjective.
We have
H'(Ox:) = H'(Ox) = H'(Oy)
because the singularity P € X is a quotient singularity, and by assumption H*(Oy) =
0 for ¢ > 0. Thus H*(Ox+) =0 for 4 > 0 and the map

c1: PicX' — H*(X',Z)

is an isomorphism. So by the surjectivity of (81]) above, there is a line bundle A’
on X'’ such that the restriction of A’ to C has degree 1.

Let G be the vector bundle Tpz(—1) on W = P2. Then G is an exceptional
vector bundle on W, and G|¢ ~ O¢(1)%?, where O¢(1) denotes the line bundle of
degree 1 on the smooth rational curve C. Since X = X’ U W is a normal crossing
surface with double curve C'= X "N W, we have the exact sequence of sheaves on
X

(8.2) 0—=0% = 0x ®O0w — Oc — 0.

Thus we can define a vector bundle E over X by glueing A’®? over X’ and G over
W along O¢(1)®2 over C.

We show that F is exceptional. Tensoring the exact sequence ([B2) with End E
we obtain the exact sequence

0— EndE — O @ EndG — OF? — 0.

Now H'(O¢) = 0 because C is a smooth rational curve and H*(Ox:) = 0 for
i > 0 as noted above, so we obtain H*(énd E) = H'(énd G). Thus E is exceptional
because G is exceptional.

Let € denote the (unique) vector bundle over X obtained by deforming the
exceptional bundle E. Then the restriction F of £ to a general fiber Y of X /T
is exceptional by upper semicontinuity of cohomology. Let £ := (m.£)YY be the
reflexive hull of the pushforward of £ to X. Similarly let A := (p.A’)¥Y be the
reflexive hull of the pushforward of A’ to X. Then E := £|x is torsion-free because
& is reflexive, and by construction E|x\(py = A®%|x\(p}, so EYY = A%? and
EVV/E is supported at P.

9. Boundary divisors of the moduli space of stable surfaces

Here we formulate a precise conjecture relating the components of the boundary
of the moduli space of stable surfaces and exceptional vector bundles.

Let Y be a smooth surface such that Ky is ample, H?(Ty) = 0, H>°(Y) = 0,
and 71(Y) = 0. These conditions imply that 1 < K% <5 and Y is homeomorphic
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(but not diffeomorphic) to the blowup of P? in 9 — K2 points. Examples of such
surfaces Y are known for K2 = 1,2,3,4 [B85], [LP07], [PPS09a], [PPS09b].

Let M denote the irreducible component of the moduli stack of stable surfaces
containing [Y]. Let M C M denote the locus of surfaces with Du Val singularities
and OM := M\ M. Note that M is smooth of the expected dimension 10 — 2K32
near [Y] by our assumption H?(7y) = 0. If M is not normal, we replace it by its
normalization.

Let T' € Aut(H?(Y)) denote the monodromy group. Then I' preserves Ky-.
The lattice K5+ is negative definite because H?° = 0 and Ky is ample. Thus I is
a finite group.

For F a vector bundle on Y we define its slope vector v(F) := c1(F)/rk(F) €
H?(Y,Q). Then v(F ® L) = v(F) + c1(L) and v(FY) = —v(F). Note that
c1: Pic(Y) — H?(Y,Z) is an isomorphism because H'(Oy) = H?(Oy) = 0 by
assumption.

Consider exceptional vector bundles F' of rank greater than 1 on Y that are
slope stable with respect to Ky and of degree ¢1(F) - Ky coprime to rk(F). Let S
denote the set of associated slope vectors v(F) = ¢ (F)/rk(F) € H*(Y, Q) modulo
translation by H?(Y,Z), multiplication by 41, and the action of the monodromy
group I'.

Let T denote the set of codimension one components D of the boundary M
such that the general fiber over D is a normal surface X with a unique singularity
P € X of Wahl type.

Theorem [B1] defines a map of sets

®:T— S, D o(F).
We hope that the map ® is “close” to a bijective correspondence. In particular, we
formulate the following conjecture.

Conjecture 9.1. The set S is finite. Equivalently, the ranks of exceptional bundles
F on Y which are slope stable with respect to Ky (and of degree coprime to the
rank) are bounded.

One can show that the analogue of the map ® for Y = P? is bijective using the
classification of degenerations of P? given by Theorem and the classification of
exceptional vector bundles on P? [DLP85],[R89]. More precisely:

Theorem 9.2. [H11l| §6] There is a bijective correspondence between isomorphism
types of degenerations X of P? with a unique Wahl singularity and isomorphism
types of exceptional bundles F of rank greater than 1 on P? modulo dualizing and
tensoring by line bundles, given by the construction of Theorem [81.

10. Relation with Donaldson theory

We note that the proposal of §9] is closely related to the Donaldson theory of
invariants of smooth 4-manifolds [DK90], [K05], [M09].

Donaldson showed that the classification of simply connected smooth 4-manifolds
up to diffeomorphism is much richer than the classification up to homeomorphism
obtained by Freedman [F82]. This was achieved by defining new invariants of
smooth 4-manifolds as follows. Let X be a simply connected compact oriented
smooth 4-manifold. Let bj denote the dimension of a maximal positive definite
subspace of H?(X,R); we assume bj > 0. (If X is a Kihler manifold, then
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by = 2dim H%° + 1 by Hodge theory.) Fix a Riemannian metric g on X and
consider a smooth complex vector bundle E of rank n on X together with a Her-
mitian metric on E. (Note that the isomorphism type of F is determined by its
Chern classes because X has real dimension 4 [W52].) One considers the moduli
space M of instantons: anti-self-dual connections on the principal PU(n)-bundle
associated to E (where PU(n) = U(n)/ U(1) denotes the projective unitary group).
One defines numerical invariants of (X, g) as intersection numbers of certain natural
cohomology classes on M. If b;’ > 1 then the Donaldson invariants are independent
of the choice of the metric g, that is, they are invariants of the smooth manifold X.
If b = 1 then they depend on the metric g through the associated line of self-dual
harmonic 2-forms in H2(X,R) via a chamber structure and wall crossing formulas.

If now X is a complex surface and g is a Ké&hler metric, then the moduli
space of irreducible anti-self-dual connections is identified with the moduli space of
holomorphic structures on £ which are slope stable with respect to the class of the
Kahler form. Thus, in the case of an algebraic surface, Donaldson invariants can
be computed by intersection theory on the moduli space of stable vector bundles.
Moreover, in case by = 1, the line of self dual harmonic 2-forms is spanned by the
Kahler form, and the wall crossing formulas are determined by the variation of the
moduli of stable bundles with the polarization.

One of the first applications of Donaldson theory was the analysis of connected
sum decompositions of smooth 4-manifolds. Let X = X;# X5 be a connected sum
decomposition of a 4-manifold X. Thus X = X7 U X$ where X? is the complement
of a ball about a point in X;, and X is obtained by identifying the boundaries of X7¢
and X§. We choose a Riemannian metric g on X such that the “neck” connecting
X? and X9 is isometric to S3 x (=R, R) for R > 0. In this situation one proves
that instantons on X are obtained by gluing instantons on X7 and X§ which decay
exponentially to a flat connection at the boundary. In this way one obtains gluing
formulas for the Donaldson invariants of X in terms of relative Donaldson invariants
of X7 and X3.

The situation we consider above is similar. Recall that we begin with a smooth
surface Y and consider a degeneration to a normal surface X with a unique Wahl sin-
gularity P € X. We have a generalized connected sum decomposition Y = X°# 1 M
of the 4-manifold Y. That is, writing X for the complement of a small ball about
the singular point P € X, L for the link of the singularity, and M for the Milnor
fiber of the smoothing, the 4-manifold Y is obtained by identifying the boundaries
of X°? and M, which are copies of the lens space L. Such generalized connected
sum decompositions may be studied using Donaldson theory in the same way as
above [D02]. In particular, the rank 2 Donaldson invariants for the decomposition
corresponding to a Wahl singularity of type - (1,n — 1) were analyzed in [FS97].
(We note that the surgery of smooth 4-manifolds given by passing from the minimal
resolution of a Wahl singularity to its smoothing is called a rational blowdown in
differential and symplectic geometry.)

We expect that our construction admits an interpretation in these terms. More
precisely, we expect that for an appropriate choice of metric g, the exceptional
bundle we construct admits a unique anti-self-dual connection which is projectively
trivial over X° (and nontrivial over M).

In the Donaldson theory it is common to restrict attention to bundles of rank
2. In fact it is conjectured that the higher rank invariants are determined by the
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rank 2 invariants [MM98|. However, as we have seen, for our application to the
study of the boundary of the moduli space of complex surfaces, it is crucial to
consider vector bundles of arbitrary rank n, because they are directly connected to
the geometry of the degeneration. On the other hand, we restrict our attention to
rigid vector bundles, that is, we only consider the case in which the moduli space
of stable vector bundles is zero dimensional.

11. Other examples of boundary divisors

We describe some types of codimension 1 boundary components of the moduli
space of stable surfaces different from the Wahl type described in §4.

Let X be a stable surface. If X satisfies the conditions set out in one of the
examples below, then equisingular deformations of X determine a codimension 1
component of the boundary of the moduli space of stable surfaces.

Example 11.1. The surface X has a unique singularity P € X of one of the
following types, and there are no local-to-global obstructions.

(1) The minimal resolution 7: X — X has exceptional locus a union of 4
smooth rational curves F1, Fs, E3, and F'. The F; are disjoint, each meets
the curve F' transversely in a single smooth point, and

(—E?, —E3 —E3% —F?) = (3,3,3;4),(2,4,4;3), or (2,3,6;2).

See [W10, §8]. (Note: The index one cover p: (Q € Z) — (P € X) is the
quotient of the cone over an elliptic curve of degree 9, 8, or 6 by a cyclic
group of order 3, 4, or 6, respectively [K88| 9.6(3)].)

(2) A cone over an elliptic curve of degree 9 [S98| 4.5].

(3) A smoothable cusp singularity such that, writing £ = E; + --- + E,. for
the exceptional locus of the minimal resolution, —E? = 9+ r [W81], 5.6].
(Note: The smoothability criterion for cusp singularities conjectured by
Looijenga |[L81] I11.2.11] is proven in [GHK11]. The smoothable cusps
with 7 < 3 are listed in [FM83] §4].)

Example 11.2. The surface X is the union of two components X; and X meeting
transversely along a smooth curve C'; X has orbifold normal crossing singularities
(zy = 0) C 1(1,-1,a) along C and is smooth elsewhere. Then Tda.x is the line
bundle on C' given by (E.I). We require that dim H(73¢ x) = 1, H'(Tgq x) = 0,
and H*(Tx) = 0. For example if C' has genus zero we require Tgg x =~ Oc. (See
[T09] for more results on Q-Gorenstein deformations of non-normal surfaces.)
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